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Abstract.A flexible rotor optimization design considering the uncertainty of the unbalance is carried out in this
paper. Assuming that the magnitude and phase of unbalance obey normal distribution and uniform distribution
respectively, the uncertainty can be quantitatively described. The classical 6 Sigma method is used to perform
uncertain optimization design of the rotor system considering this uncertainty. The theoretical results are
verified by experiments in which 36 sets of unbalance are artificially distributed to the rotor to simulate the
uncertainty. In experiment, the amplitude response of the two disks and the acceleration response of the two
bearings are decreased by 14%, 21.5%, 37.2% and 46% respectively in terms of standard deviation. It can be
concluded that the optimization design considering the uncertainty can reduce the fluctuation of the response
and improving the robustness of the results.
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1 Introduction

A good dynamic design can always ensure the smooth
operation of the rotor while meeting the design require-
ments. However, for high-speed flexible rotors, such as
aero-engine rotor system, serious vibration problems often
arise because of the slender rotor and its high operating
speed. The excessive vibration may result in fatigue of
components and even catastrophic failure. Thus, dynamic
design of the rotor needs to be taken seriously.

In order to obtain definite design scheme of the rotor
system, early works calculated the rotor system dynamic
characteristics using transfer matrix method, and per-
formed optimization design by some traditional optimiza-
tion method [1–5]. For example, Choi and Yang [1] dealt
with the optimum shape design of a rotor shaft. Equations
of motion were established and solved to obtain the
eigenvalues of the rotor and genetic algorithm was applied
to determine the optimum diameters of the rotor shaft.

However, as the rotor using in actual engineering
becomes more and more complex, it is difficult to calculate
its dynamic characteristics accurately by simple transfer
matrix method. What’s more, design parameters and
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constraints in optimization are also increasing. Changing
a single design parameter might cause multiple effects on
the rotor system. The optimization design becomes
increasingly onerous because a large number of parameters
and constraints need to be considered simultaneously.
Fortunately, with the development of modern optimization
design, multi-objective and multi-constraint genetic opti-
mization algorithm (such as non-dominated sorting genetic
algorithm, archive-based micro genetic algorithm and
neighborhood cultivation genetic algorithm) and dynamic
characteristic calculation based on finite element method
can be used to perform rotor optimization design. Final
structural scheme of the rotor is determined based on the
optimization design result. Thus, the design of complex
engineering rotor can be realized [6–9].

Inspired by the above research, the author also carried
out research on the rotor optimization design. A combina-
tional optimization method coupling the rotor dynamics
calculation software ANSYS and the multi-disciplinary
optimization software ISIGHT was proposed to optimize
rotor system [10]. And some problems of rotor design in
actual engineering were solved using this method [11].

Nevertheless, in previous studies, it was found that
dynamic characteristics of the rotor, including modal
characteristics and steady or transient response, need to
be calculated iteratively in the optimization process.
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Fig. 1. The flexible rotor system.

Fig. 2. The first order mode shape of the rotor.
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Therefore, the calculation accuracy of the rotor dynamic
characteristics is directly related to the optimization
results. But in fact, the unbalance distribution on the
rotor cannot be determined when calculating steady or
transient response. The general method to solve this
problem is to assume the magnitude and phase of the
unbalance mass according to required balance accuracy
and engineering experience. If the unbalance distribution is
assumed to be a certain value in the optimization design,
then the optimization results obtained from it can only be
valid under the current assumed unbalance distribution.
Once the unbalance distribution of the rotor system is
inconsistent with the assumption, the optimization design
may not achieve the desired result, or even may fail.

Actually, the unbalance distribution on the rotor is
uncertain. The study of rotor dynamics considering
uncertainties began in the last decade. Liu et al. [12] used
transfer matrix method to study the calculation of rotor
eigenvalues and identified its random parameters. Zhang
et al. [13] studied the response of rotor system under
random load by random response analysis method, and
obtained its statistical law. Gan et al. [14] studied the
sensitivity of the first-order critical speed under uncer-
tain parameters using non-parametric modeling method.
Ma et al. [15,16] studied the influence of uncertain
support stiffness, unbalance and connection stiffness on
the rotor response using interval analysis method. Zuo
et al. [17] obtained stochastic results of Monte Carlo
simulation of three-dimensional solid element rotor by
expanding polynomial chaos basis with unknown
coefficients.

In view of this, this paper studies the optimization
design of high-speed flexible rotor considering the uncer-
tainty of residual unbalance distribution. Uncertain
optimization design method based on robustness is used
to improve the robustness of the optimization results,
ensuring that the optimization results are still valid in the
case of uncertainties in some parameters of the rotor
system.
2 The flexible rotor system

The rotor system is composed of a rotating shaft, two
disks and two supports, as shown in Figure 1. Two
sliding bearings are used to support the left and right
end. An inverter-fed motor is used as power input. The
diameter of the shaft is 9mm. The total length is
495mm. A steal disk 76mm in diameter and 19mm in
thickness is located at 183.5mm from the left side (Disk1
in Fig. 1) and another disk 75mm in diameter and 18mm
in thickness is located at 332mm from the left side
(Disk2 in Fig. 1).

It is necessary to calculate the rotor dynamic character-
istics and determine its initial response, which is to provide
a basis for optimization design. In ANSYS, Beam 188,Mass
21 and Combine 14 are used to simulate the shaft, the disks
and the supports respectively. Campbell diagram and the
first order mode shape of the rotor are obtained through
modal analysis. The first order critical speed of the rotor
system is 2925.5 r/min. When the operating speed reaches
the first order critical speed, the rotor will be flexibly
deformed, shown in Figure 2.

The most severe deformation occurs at middle part of
the rotor where disk1 and disk2 located. Compared with
other operating speed, the deformation at the critical speed
is the most serious and the damage to the rotor system is
the greatest. Therefore, the optimization needs to control
the maximum response of the rotor.

The rotor time-history dynamic response can be
obtained by transient unbalance analysis. Well, the
transient response strongly depends on the unbalance
distribution on the rotor. As described in previous section,
the unbalance distribution of the rotor can’t be determined
exactly. The unbalance distribution on the rotor is assumed
as follows based on the experimental experience: the
unbalance mass on disk1 is 25.5 gmm at 195 degree; the
unbalance mass on disk2 is 17 gmm at 57 degree. In this
assumption for transient response calculation, the disk
amplitude curve and bearing react force curve of the rotor
with the increase of operating speed is obtained as shown in
Figure 3.

Figure 3 shows the disks’ amplitude (represented by
Amp_1 and Amp_2 respectively) and the bearings’ react
force (represented by Ref_1 and Ref_2 respectively)
increase with the operation speed and achieve the
peak values when the speed reaches the first order critical
speed. At such a speed, the amplitude of disk1 and
disk2 is 0.168mm and 0.16mm respectively; the react force
on bearing1 and bearing2 is 7.8849N and 24.93N
respectively.



Fig. 3. Transient responses of the rotor. (a) Amplitude of disk1. (b) Amplitude of disk2. (c) React force on bearing1. (d) React force on
bearing2.
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3 Optimization design

Based on the previous calculation, rotor optimization
design is performed in this section. Yet the general, a typical
optimization design is set artificially, that is, to reduce the
vibration level of the rotor by optimizing the locations of
the two disks. The experiment is relatively easy to do
because it only needs to move the installation position of
two disks without changing other design parameters. The
rotor system’s dynamic performance may be improved by
adjusting the distribution of the rotor’s mass and stiffness
through changing the locations of the disks. It is difficult
to reduce the disks’ amplitude and the bearings’ react
force at the same time. Once the disks’ amplitude
decreases, it means that the deformation energy of the
rotor itself decreases, and the vibration energy of the
rotor system is more beard by the support structure,
accordingly the bearings’ react force will increase; and vice
versa. In order to reduce the disks’ amplitude and the
bearings’ react force simultaneously, the total deforma-
tion energy of the rotor system should be reduced and well
distributed by adjusting the disks’ location, which is the
desired results of the optimization design.

The amplitude of the disks and the react force on the
bearings crossing the first order critical speed are defined as
the optimization objectives which are supposed to be
minimized through the optimization. Locations of the two
disks (represented by Loct_1 and Loct_2 respectively) are
set as design variables, which can be left or right moved
10mm from initial position. Since the normal operating
speed of the flexible rotor must be apart sufficiently far
from its critical speed, the critical speed should be limited
to a certain range. In the present paper, the variation of
the critical speed ((represented by Cs) is controlled



Fig. 4. flow chart of the optimization design process.
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at the range of ±10%, which is used as the optimization
constrains.

Amultiobjective design formulation of the rotor may be
started as

Minimize F(x)= [Amp_1(x), Amp_2(x), Ref_1(x),
Ref_2(x)] where x=(Loct_1, Loct_2)

Subject to 2633�Cs� 3218 ; 173.5�Loct_1� 193.5 ;
322�Loct_2� 342

F (x) means the four formulas, i.e., Amp_1 (x) ,
Amp_2 (x) , Ref_1 (x) , Ref_2 (x). The aim of optimiza-
tion design is to minimize them using multi-objective
optimization.

This optimization design problem can generally reflect
the problems that need to be solved in rotor design. The
problem is solved using the optimization design method in
reference [11]. Figure 4 gives the flow chart of the
optimization design process. The optimal location of the
two disks is obtained where the four objectives are
minimized. Table 1 shows the optimization result.
As can be seen from Table 1, the rotor vibration level
decreases when the locations of the two disks are changed.
Among the four optimization objectives, the amplitude of
disk1 decreases most significantly—decreased by 11%.
While the amplitude of disk2 decreased by 2%, almost
unchanged.

Next, the uncertainty of unbalance distribution on the
rotor is considered. The actual unbalance distribution is
definite, but it can be never known for sure. Therefore,
assuming that the unbalance distribution is random and
uncertain, the uncertain optimization design method is
used to optimize the rotor to determine whether consider-
ing the uncertainty is meaningful for the rotor design.

It is assumed that the magnitude of unbalance obeys
normal distribution and the phase obeys uniform distribu-
tion. That is because in the real rotor system magnitude is
usually distributed in a certain range, whereas the phase
distribution is random. In Section 2, the unbalance on the
disk1 and disk2 are determined 25.5 gmm and 17 gmm
respectively according to the balance standard. These two
values are assumed just the mean values. And it is assumed
that the standard deviation is 20% of the mean value.
The phase of the unbalance is distributed between 0 and
360 degrees. The rotor is optimized considering the
uncertainties shown in Table 2. Notice that the uncer-
tainties of the disks’ location are also considered. That is
because the actual disks’ location is not necessarily the
desired value considering the installation error. While, this
kind of uncertain is not so great. And it is assumed that the
standard deviation is 10% of the mean value.

The design formulation considering uncertainty is
started as

Minimize F (m(x), s (x))= [m(Amp_1 (x)), s (Amp_1
(x)), m(Amp_2(x)), s(Amp_2(x)), m (Ref_1
(x)), s (Ref_1 (x)), m(Ref_2 (x)), s (Ref_
1(x)) ]
where x=(m(Loct_1), s(Loct_1), m(Loct_
2), s (Loct_2))

Subject to 2633�m (Cs)+ 3s (Cs)� 3218;
173.5�m (Loct_1)+3s (Loct_1)� 193.5;
322 � m Loct _ 2ð Þ þ 3s Loct _ 2ð Þ � 342

The classical 6 Sigma method is used to solve the above
optimization problem. In Figure 4, the transient analysis is
performed only once in certain variable. While, the
transient analysis is performed severe times in uncertain
optimization. The response of the optimization objectives
under uncertain variables must be evaluated. The results
are shown in Table 3. The amplitude response of disk 2
increases after optimization, while the other three
objectives are reduced. This is a tradeoff because the
uncertain optimization design considers both the reduction
of mean value and the reduction of variance.

4 Experiment

Two sets of optimization results are verified on the rotor
test rig shown in Figure 1. In order to simulate the
uncertainty of unbalance distribution, screws are added on
the two disks in different phases. In real rotor system, the
mass of unbalanced phase distribution is random. It may be



Table 1. The rotor optimization design result.

Variables Objectives Constraint

Loct_1
mm

Loct_2
mm

Amp_1
mm

Amp_2
mm

Ref_1
N

Ref_2
N

Cs
r/min

Initial 183.5 332 0.168 0.16 7.88 24.93 2926
optimized 178 324 0.15 0.158 7.47 23.6 2901

Table 2. Uncertainties considered in uncertain optimization design.

Uncertainties Unbalance
magnitude
on disk1
g mm

Unbalance
phase
on disk1
°

Unbalance
magnitude
on disk2
g mm

Unbalance
phase
on disk2
°

Disk1
Location
mm

Disk2
Location
mm

Statistical distribution Normal Uniform Normal Uniform Normal Normal
Mean value 22.5 180 17 180 178 324
Standard deviation 4.5 0 3.4 0 17.8 32.4

Table 3. The rotor optimization design result considering the uncertainties.

Variables Objectives Constraint

Loct_1
mm

Loct_2
mm

Amp_1
mm

Amp_2
mm

Ref_1
N

Ref_2
N

Cs
r/min

Initial 183.5 332 0.168 0.16 7.88 24.93 2926
Optimized 180 326 0.164 0.164 7.63 23.07 2906

S. Jia et al.: Int. J. Simul. Multidisci. Des. Optim. 11, 19 (2020) 5
distributed between 0 and 360 degrees on a disk. Unbalance
22.5 gmm in mass value and [0°, 60°, 120°, 180°, 240°, 300°]
in phase range respectively are loaded on Disk1. Thus, 6
kinds of unbalance are added on disk1. Unbalance
18.75 gmm in mass value and [0°, 60°,120°, 180°, 240°,
300°] in phase range respectively are loaded onDisk2. In the
same way, 6 kinds of unbalance are added on disk2
consequently. And 36 sets of unbalance due to the two
combinations are added to the rotor system artificially.

According to the two sets of optimization results in
Tables 1 and 3, the responses of the rotor system are
measured respectively with the 36 sets unbalance loaded.
The voltage of the bearing’s vibration acceleration
(represented by Vacc_1 and Vacc_2 respectively) which
are directly measured by the acceleration sensors are used
to represent the react force on the bearings. The measured
data are detailed in Tables 4 and 5. U1, U2,…, U36
represent 36 sets of unbalance artificially added on the
disks. Mean and SD represent the mean value and the
standard deviation of the 36 sets of measured data.

It can be seen from Table 4 that the amplitude of the
rotor and the acceleration response of the bearings are
changed when the unbalance distribution of the rotor
changes. The response values decrease in some unbalance
loading. That is because the unbalance added is just in the
contrary phase degree with the original unbalance, which
can balance the rotor and reduce the vibration level of the
rotor, such as U24, U28 and U30 in Table 4. While other
unbalance loading increases the response values, such as
U1, U2 and U8. That is because the unbalance added is in
the same phase degree with the original unbalance, which
can enlarge the rotor unbalance and increase the vibration
level of the rotor. The same result applies to Table 5.

Data of each group are very close in Tables 4 and 5. The
slight variationmay be caused by unbalance distribution or
measurement error. Thus, significance test of the measure-
ment results is analyzed using F statistics before compar-
ing the test data. Table 6 gives the significance test result.
SS is sum of squares of deviations, DOF is degree of
freedom, and MS is mean squares of deviations. BGV is
between group variation, WGV is within group variation,
and TV is total variation.

The significance level is 0.01. “**” mark are used to
indicate the significance, which means the test conditions
has a great influence on the differences between groups.
Query F distribution table shows that F0.01 (35,36)= 2.21.
F values calculated in Table 6 are greater than F0.01
(35,36). It can be seen that the difference of measured data
between Tables 4 and 5 is caused by the change of
unbalance distribution.

Figure 5 illustrates the distribution of mean value and
variance of the measured data. The red curve represent



Table 5. Measured data of rotor responses with considering the uncertainties under 36 sets of unbalance loaded.

Amp_1
mm

Amp_2
mm

Vacc_1
v

Vacc_2
v

Amp_1
mm

Amp_2
mm

Vacc_1
v

Vacc_2
v

U1 0.153 0.161 2.79 2.19 U20 0.157 0.158 2.43 2.04
U2 0.15 0.154 2.4 2.07 U21 0.17 0.193 2.79 2.31
U3 0.13 0.117 1.8 1.65 U22 0.156 0.167 2.67 2.1
U4 0.067 0.05 0.9 0.78 U23 0.134 0.138 1.92 1.62
U5 0.107 0.103 1.5 1.32 U24 0.077 0.066 1.23 1.08
U6 0.14 0.14 2.22 1.92 U25 0.057 0.047 0.6 0.06
U7 0.151 0.156 2.7 2.13 U26 0.124 0.102 1.56 1.35
U8 0.167 0.195 3.3 2.43 U27 0.147 0.146 1.95 1.62
U9 0.165 0.188 3.03 2.22 U28 0.122 0.118 1.8 1.53
U10 0.16 0.167 2.61 2.16 U29 0.087 0.095 1.53 1.35
U11 0.135 0.122 1.86 1.62 U30 0.042 0.066 1.17 1.14
U12 0.121 0.103 1.8 1.59 U31 0.134 0.133 1.92 1.65
U13 0.153 0.152 2.49 2.04 U32 0.147 0.14 2.01 1.89
U14 0.177 0.223 3.39 2.7 U33 0.134 0.12 1.68 1.35
U15 0.18 0.226 3.42 2.28 U34 0.076 0.057 1.08 0.99
U16 0.167 0.197 3.12 2.43 U35 0.051 0.06 1.08 1.02
U17 0.131 0.123 2.1 1.83 U36 0.11 0.116 1.62 1.41
U18 0.111 0.094 1.56 1.35 Mean 0.128 0.13 2.043 1.683
U19 0.125 0.102 1.5 1.38 SD 0.037 0.047 0.732 0.545

Table 4. Measured data of rotor responses without considering the uncertainties under 36 sets of unbalance loaded.

Amp_1
mm

Amp_2
mm

Vacc_1
v

Vacc_2
v

Amp_1
mm

Amp_2
mm

Vacc_1
v

Vacc_2
v

U1 0.165 0.214 4.14 3.69 U20 0.146 0.125 2.97 2.67
U2 0.17 0.239 4.68 4.08 U21 0.139 0.124 3.18 2.91
U3 0.16 0.174 4.02 3.57 U22 0.119 0.117 3.18 2.91
U4 0.136 0.116 2.4 2.25 U23 0.065 0.067 1.95 1.86
U5 0.11 0.085 1.77 1.65 U24 0.037 0.005 0.51 0.54
U6 0.144 0.134 3 2.73 U25 0.104 0.079 1.74 1.59
U7 0.168 0.203 4.29 3.81 U26 0.12 0.095 2.16 1.77
U8 0.173 0.243 3.72 3.12 U27 0.091 0.066 1.95 1.8
U9 0.168 0.198 4.38 4.08 U28 0.055 0.051 1.62 1.53
U10 0.153 0.139 3.42 3 U29 0.016 0.044 1.02 0.99
U11 0.123 0.096 2.07 1.89 U30 0.057 0.047 0.84 0.81
U12 0.143 0.121 2.91 2.67 U31 0.149 0.152 3.03 2.82
U13 0.164 0.194 4.11 3.69 U32 0.157 0.171 3.51 3.12
U14 0.169 0.189 4.29 3.84 U33 0.137 0.121 2.7 2.46
U15 0.171 0.184 4.23 3.78 U34 0.067 0.043 0.99 0.96
U16 0.155 0.145 3.57 3.18 U35 0.059 0.043 0.87 0.81
U17 0.109 0.088 2.22 2.07 U36 0.116 0.104 2.28 2.16
U18 0.117 0.086 1.83 1.71 Mean 0.124 0.122 2.706 2.453
U19 0.113 0.082 1.86 1.77 SD 0.043 0.06 1.168 1.015
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Table 6. Significance test result of the measured data.

Variables Source SS 10�2 DOF MS 10�2 F Significance

Amp_1

BGV 9.5599 35 0.2731

6.0034 **WGV 1.6379 36 0.0455
TV 11.1978 71

Amp_2

BGV 17.4016 35 0.4972

5.3064 **WGV 3.3731 36 0.0937
TV 20.7746 71

Vacc_1

BGV 57.3620 35 1.6389

3.4560 **WGV 17.0721 36 0.4742
TV 74.4341 71

Vacc_2

BGV 48.1034 35 1.3714

2.5949 **WGV 19.0255 36 0.5285
TV 67.1290 71

Fig. 5. Distribution comparison of the response values with or without considering the uncertainties. (a) Amplitude response of disk1.
(b) Amplitude response of disk2. (c) Acceleration response on bearing1. (d) Acceleration response on bearing2.
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the optimization result considering the uncertainties. The
smaller the span of the red curve is, the smaller the
fluctuation and themore robust the result is. As can be seen
from the figure, the mean value of amplitude response of
two disks increases slightly, while the mean value of
acceleration response on the two bearings decreases
considerably. The distribution of four responses is more
compact. The four responses are decreased by 14%, 21.5%,
37.2% and 46% respectively in terms of standard deviation,
which means that the response of the rotor system is more
robust under the excitation of uncertain unbalance.

5 Conclusions and discussions

In this paper, the optimization design and experiment
verification of the rotor system with uncertain unbalance
distribution are studied. The traditional optimization
design of a two-disk flexible rotor system aiming at
vibration control is carried out on the basis of dynamic
analysis. After that, the uncertain optimization design
considering that the unbalance phase is uniformly
distributed and the unbalance magnitude is normally
distributed is performed. Experimental comparison of the
two optimization results illustrates the advantage of the
uncertain optimization design.

With considering or without considering uncertainties,
the optimization results can always reduce the objectives in
minimum design. When uncertainties are not taken into
account, it is limited to determine the optimal result only
from the reduction of each optimization objective, because
uncertainties may affect the optimization results, especial-
ly when the objectives or constraints are sensitive to the
design variables.

In fact, uncertain optimization can also improve the
reliability of optimization results. But in this paper, the
main uncertain factor is unbalance distribution, and the
constraint is imposed on the critical speed of the rotor
system. The unbalanced distribution only affects the
response of the rotor, but does not affect the critical speed.
Therefore, the reliability is not evaluated in this paper.
If the constraint is sensitive to the unbalance, the reliability
of the optimization results will also be improved.
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