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Abstract – The purpose of this paper is to give an overall introduction of the structural optimization research works in
ESAC group in 2011. Four main topics are involved, i.e. 1) topology optimization with multiphase materials, 2) inte-
grated layout and topology optimization, 3) prediction of effective material properties and 4) composite design. More
detailed techniques and some numerical results are also presented and discussed here.
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1 Introduction

The Laboratory of Engineering Simulation and Aerospace
Computing (ESAC) in Northwestern Polytechnical University
is an active international research team in the field of structural
optimization design. Since 1990s, we have been dedicated to
the theoretical study of shape and topology optimization and
their applications in aeronautics and aerospace industries.

In 2011, the research works and the published papers are
mainly concentrated on the research of the following four top-
ics, i.e., (1) topology optimization with multiphase materials,
(2) integrated layout and topology optimization, (3) prediction
of effective material properties and (4) composite design.

2 Topology optimization with multiphase
materials

This work is focused on the topology optimization of light-
weight structures consisting of multiphase materials [1, 2].
Instead of adopting the common idea of using volume con-
straint, a new problem formulation with mass constraint is
firstly proposed, which is a significant breakthrough of the
topology optimization with multiphase materials. For a discret-
ized structure with n designable finite elements, the mass con-
straint is stated as Xn

i¼1
qiV i � M ; ð1Þ

where qi denotes the material density related to element i,
which has to be interpolated from the set of available material

densities. M is the upper bound controlling the structural
mass.

Meanwhile, to have a deep understanding of the mass con-
straint, recursive multiphase materials interpolation (RMMI)
and uniform multiphase materials interpolation (UMMI)
schemes are discussed and compared based on numerical tests
and theoretical analysis.

RMMI interpolation scheme can be treated as an extension
of the traditional SIMP/RAMP interpolation model reserved for
the case of only one solid material phase and the void to the
case of multiphase materials. This scheme is constructed
through a recursive process. For a structure with m solid mate-
rials and n designable finite elements, the RMMI scheme inter-
polates Young’s modulus of element i in the following manner

Ei ¼ E xið Þ ¼ vim ximð ÞE 1;mð Þ
i ; ð2Þ

where

Eðm;mÞi ¼ EðmÞ;

Eðm�n;mÞ
i ¼ vin xinð ÞE m�nþ1;mð Þ

i þ 1� vin xinð Þ½ �
E m�nð Þ

i ; n ¼ 1; 2; :::;m� 1ð Þ; xi

¼ xij

� �
; i ¼ 1; 2; :::; n; j ¼ 1; 2; :::;mð Þ; ð3Þ

where E(j) denotes Young’s modulus of material phase j. xi
denotes the set of design variables associated with element
i. Clearly, each element has m design variables that have dif-
ferent significations. vij(xij) is the weighting function related
to element i.

It is indicated that the nonlinearity of the mass constraint
introduced by RMMI brings numerical difficulties to attain
the global optimum of the optimization problem. On the con-
trary, the UMMI-2 scheme makes it possible to formulate the
mass constraint in a linear form with separable design variables.*e-mail: jh.zhu@nwpu.edu.cn
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UMMI originated from the so-called DMO. It means that
the continuous laminate design of fiber orientations was treated
as a DMO problem. In this paper, the concept of DMO is gen-
eralized for structural topology optimization with multiphase
materials. As the weighting function is uniform for each mate-
rial phase, the interpolation scheme is, in fact, a uniform multi-
phase materials interpolation (UMMI). For a problem of m
solid materials and n designable elements, each element will
have m design variables. The UMMI interpolation of Young’s
modulus can be expressed as the weighted sum of all candidate
material phases:

Ei ¼
Xm

j¼1
wijEðjÞ; ð4Þ

wij is the weighting function associated with the jth material
phase which can be defined in UMMI-2 as

wij ¼ xp
ij

Ym

n ¼ 1

n 6¼ j

ð1� xp
inÞ:

ð5Þ

As shown in Figure 1, one such formulation favors very
much the problem resolution by means of mathematical pro-
gramming approaches, especially the convex programming
methods. Moreover, numerical analysis indicates that fully uni-
form initial weighting is beneficial to seek the global optimum
when UMMI-2 scheme is used. Besides, the relationship
between the volume constraint and mass constraint is theoreti-
cally revealed. The filtering technique is adapted to avoid the
checkerboard pattern related to the problem with multiphase
materials.

Numerical examples show that the UMMI-2 scheme with
fully uniform initial weighting is reliable and efficient to deal
with the structural topology optimization with multiphase
materials and mass constraint. Meanwhile, the mass constraint

formulation is evidently more significant than the volume con-
straint formulation.

As shown in Figures 2a and 2b, with the RMMI scheme
and uniform xij or wij, the optimal structures have configurations
consisting of both VM1 and VM2. Comparatively, the result
shown in Figure 2c with only one single solid material
(VM2) is found to be stiffer. This implies that the RMMI
scheme cannot yield the global optimum at least even uniform
initial weighting are used.

Using the UMMI-2 scheme with fully uniform initial vari-
ables, the optimal structure only consists of VM2, as shown in
Figure 2d, even VM1 andVM2 are available. Although config-
urations given in Figures 2c and 2d are very similar, the struc-
tural compliances using UMMI-2 are smaller. Besides, partial
uniform initial variables of Case B are adopted and the results
are shown in Figures 2e and 2f. Obviously, different initial vari-
ables lead to totally different configurations. Note that some ele-
ments at the right-bottom corner in Figure 2f consist of
‘‘mixed’’ materials.

Another interesting thing is to compare the optimization
results obtained with mass and volume constraints. To do this,
suppose the structure mass is less than 25.92 · 103 kg. The
upper bound of the volume constraint can be correspondingly
determined for VM3 if the upper bound of the volume con-
straint of VM1 is fixed a priori. For different volume fractions
of VM1, optimization results are plotted in Figure 3. The opti-
mal solution with the mass constraint corresponds to the vol-
ume fractions of VM1 and VM3 being 0.463 and 0.068,
respectively. It can be seen that this is the best solution among
all possible ones using volume constraint in the sense of com-
pliance minimization. In other words, the mass constraint
always leads to a better solution than the volume constraint with
the precondition of the same structure mass. Meanwhile, the
percentage of each solid material phase will be automatically
identified. In fact, the mass constraint has a more significant
and important sense than the volume constraint in most engi-
neering problems.

Figure 1. UMMI-2 interpolation model with two solid materials (m = 2, p = 3).
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From the development of this work, it is seen that the com-
bination of UMMI-2 scheme together with fully uniform initial
variables and the convex programming methods provides an
efficient approach for the structural layout design of multiphase
materials in static load case when the mass is controlled. Mean-
while, due to its generality, this approach may be extended to
the structural design and microstructure design of multiphase
materials in generalized load cases.

3 Integrated layout and topology optimization

In many engineering products, typical structural systems
consists of components and structures with integrated intercon-
nections inside a limited packing space. Global system perfor-
mances significantly depend upon the layout of components

and the topology of supporting structures. The design of multi-
component structural systems is a relatively new area and is still
not extensively researched. Since most real life engineering
design problems involve multiple components or structures, it
is a subject of great relevance

Recently, further researches are carried out in our group
with significant improvements and systematical methodologies
[3, 4]. Packing optimization is performed by means of the FCM
(Finite Circle Method), and the supporting structure is designed
by means of topology optimization techniques. Because mova-
ble components inevitably change the FE mesh and locally cor-
rupt the updating of the material distribution, the traditional
topology optimization method using a fixed FE mesh is no
longer applicable. To circumvent this problem, a density point
technique was proposed to associate the density variables with
the centroids of a fixed background mesh. As shown in Figure 4,
density points are a set of predefined points in the design
domain to control the material distribution. No matter how
the mesh changes, each element receives the pseudo-density
value from its nearest density point.

In order to reduce the computing cost and simplify sensitiv-
ity analysis with respect to location design variables of each
component, the super-element technique is adopted to model
the movable components.

Similar to classic topology optimization, the sensitivity of C
with respect to pseudo-density design variables can be analyti-
cally obtained by

oC
ogi
¼ oGT

ogi
� u� 1

2
uT � oK

ogi
� u: ð6Þ

Figure 2. Optimization results of a cantilever beam.

Figure 3. Comparisons of the optimization results under the mass
and volume constraints with the equal structure mass.
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As to the sensitivity with respect to location design vari-
ables of components, a semi-analytical scheme combined with
super-element formulation is applied in the following way. The
global stiffness matrix of the system is partitioned into three
parts: supporting structure, mesh transition region, and compo-
nents. The derivative of the system compliance with respect to
se representing one of the three location parameters xe, ye, and he

of component e gives rise to

oC
ose
¼ uT oGT

ose
� 1

2

oK Sð Þ

ose
þ
Xnc

i¼1

oK Tð Þl

ose
þ
Xnc

i¼1

oK Cð Þl

ose

 !
u

" #
:

ð7Þ

A design example of simple structure system with two
rectangular components is considered here. The global strain
energy is the objective function to be minimized and the vol-
ume fraction is set to be 50%. Assume that all components
are made of steel, and the supporting structure is made of alu-
minum. As shown in Figure 5, the components and the support-
ing structure are optimized simultaneously. Finally, the
components are located in the main loading path of the structure
due to their high stiffness.

Design of multicomponent systems can also be extended to
support layout of bridge-like problems. Fixations are, here,
defined as movable solid support components, which are par-
tially embedded into the design domain. Positions of these sup-
port components are optimized together with the structural
topology to obtain the maximum stiffness of the global system.

A typical example is illustrated in Figure 6. Materials used
for the structure and support components are aluminum and
steel, respectively. The road on the bridge is a non-designable
area. Four identical support components are located symmetri-
cally along the bottom boundary of the design domain. A
uniform surface pressure is applied on the top of the bridge.
The volume fraction for the design domain is set to be 40%.
By optimization, it is found that a slight change of the support
locations will lead to a significant variation of the structural
topology.

It is possible to extend the methodology to the layout design
of 3D multicomponent systems. However, the embedded mesh-
ing technique for 3D problems is much more complicated than
in 2D situation. Meanwhile, the semi-analytical sensitivity anal-
ysis scheme for location design variables of components is
time-consuming because each 3D component has now six loca-
tion design variables. Recently, a Heaviside function-based
approach is investigated for sensitivity analysis with respect
to location design variables. The material discontinuity across
the component boundary is approximately smoothed by means
of the Heaviside function. When a location design variable is
perturbed, sensitive elements attached to the component bound-
ary are assumed to undertake a material property change, while
the mesh remains unchanged. In this way, sensitivity analysis
with respect to location design variables is carried out as easily
as for pseudo-density variables. Figure 7 shows the optimiza-
tion result of a 3D structure, in which tetrahedral elements
are used and the involved components have a greater Young’s
modulus than that of the supporting structure.

Figure 4. Element material properties received from the density points.

Figure 5. Integrated layout design with components of stiffer
materials [40]: (a) iteration 5, (b) iteration 20, and (c) final design;
final strain energy C50.074 J.
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4 Prediction of effective material properties

This work presents a microstructural modeling method con-
sidering the oxidation effect. Further studies on the prediction
of material properties were carried for the multiphase and mul-
tilayer braided composite [5]. Regarding the multi-scale charac-
teristics of the composite, the microstructure modeling is carried
out sequentially from fiber to tow scale. The geometrical con-
figuration of the microstructure is first analyzed, and mathemat-
ical relations among different geometrical parameters are
derived on each scale. Second, effective elastic properties are
obtained based on the sequential homogenization from fiber
to tow scale. A strain energy based method is proposed to eval-
uate effective elastic properties with specific boundary condi-
tions imposed on the microstructure. Numerical results
obtained by the proposed method and the microstructure model
show a good agreement with the results measured
experimentally.

The present study aimed at the microstructure modeling and
numerical prediction of elastic properties of 3D four-step
MPML braided composites. First, the microstructure modeling
is carried out sequentially from fiber to tow scale. Geometrical
descriptions and finite element modeling of the microstructure
are presented in detail.

The RVC (Representative Volume Cell) model of the 3D
four-step MPML braided composite involves two scales: fiber
and tow scales. The first scale concerns the modeling of RVC
for MPML tows, and the second scale concerns the modeling
of RVC for 3D four-step MPML braided composites as shown
in Figure 8. Considering the multi-scale characteristics, the

multi-scale analysis methods are needed for the analysis of
MPML plain weave composites. The multi-scale analysis pro-
cedure is as follows. First, on the fiber scale, finite element
model is built to obtain the effective moduli of the fiber scale
RVC, and the results are used for the tows that were treated
as a homogeneous transversely isotropic material. Second,
based on the obtained elastic properties of tows, finite element
model of the tow scale RVC is created to evaluate effective
elastic properties of the composite. Here, RVC models of both
scales are established using the ANSYS finite element software.

On the tow scale, the finite element model of RVC is
depicted in Figure 9. Here, a 10-node tetrahedral solid element
SOLID187 is used for the discretization, and the finite element
models of both tows and matrices are shown respectively.

Second, a strain energy based method is applied to evaluate
the effective elastic properties. Numerical results are then com-
pared with the experimental results to validate the modeling.

In the elastic regime, the macroscopic behaviors of the RVC
can be characterized by the effective stress tensor r and strain
tensor e over the homogeneous equivalent model. They are
interrelated by the effective, also termed homogenized, stiffness
matrix CH

r ¼ CH e: ð8Þ

The matrix coefficient CH
1111 can be derived

CH
1111 ¼ 2Eð1Þ=V : ð9Þ

In the same way, demonstrations can be made for other
coefficients. The effective stiffness matrix can be written as

2Eð1Þ

V
Eð7Þ�Eð2Þ�Eð1Þ

V
Eð9Þ�Eð3Þ�Eð1Þ

V

2Eð2Þ

V
Eð8Þ�Eð3Þ�Eð2Þ

V

2Eð3Þ

V

0 0 0

0 0 0

0 0 0

sym

2Eð4Þ

V

2Eð5Þ

V

2Eð6Þ

V

2
666666666664

3
777777777775
:

ð10Þ

The elastic constants can be derived by inversing the above
matrix. In practice, the considered RVC will be discretized as a
finite element model on which the initial strain will be imposed
to evaluate the strain energy. The comparison with the experi-
mental results shows the validity and the rationality of the pres-
ent method. Future studies will be focused upon the numerical
prediction of thermal properties (the thermal expansion coeffi-
cient and thermal conductivity), progressive failure analysis
and design optimization of the microstructure for 3D MPML
braided composite.

Similar model incorporates the modeling of oxidized micro-
structure and computing of degraded elastic moduli can also be
extended to simulate the oxidation behaviors of 2D C/SiC com-
posites exposed to air oxidizing environments below 800 �C

Figure 6. Integrated support and layout design of a bridge-like
structure: (a) iteration 5, (b) iteration 10, and (c) final design,
C50.1298 J.
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(a) fiber scale (b) tow scale

Figure 8. Images (SEM) of 3D braided MPML C/C-SiC.

(a) (b) (c) (d)

(a) Tow (b) First layer of matrix (c) Second layer of matrix (d) Last layer of matrix

Figure 9. Finite element model of RVC on tow scale. (a) Tow, (b) First layer of matrix, (c) Second layer of matrix, and (d) Last layer of matrix.

Figure 7. Integrated layout design of a 3D structure with three components: (a) iteration 2, (b) iteration 5, (c) iteration 10, (d) iteration 18, and
(e) iteration history.
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[6]. Regarding the multi-scale characteristics of 2D C/SiC com-
posite, the microstructure modeling is carried out on micro-
scopic and macroscopic scale, respectively to compute the
degraded elastic properties in terms of time duration, tempera-
ture and pressure, whose influences upon the oxidation micro-
structure morphology and degraded properties of 2D C/SiC
composites are also investigated. The predicted microstructure
morphology after oxidation is found in good agreement with
experiment data as shown in Figure 10.

It is found that the computed in-plane extensional moduli
after oxidation are in good agreement with experimental data
over the oxidation time. In addition, numerical results show that
the temperature and pressure have a profound influence upon
the oxidation results. The ablation of carbon phases is aggra-
vated with the increase of temperature and pressure and there-
fore the elastic modulus of composite decreases gradually. An
immediate perspective is to address other composite architec-
tures such as the 3D braided C/SiC composite and to extend
the developed oxidation model to other oxidizing environ-
ments, like water or gas-water environments. Besides, it is
worth to note that the oxidation simulation of 2D C/SiC com-
posite above 800 �C is not taken into account in the current
work because the oxidation scheme is non-uniform and much
complicated.

5 Composite design

Composite design with fiber orientation optimization plays
an important role in aircraft structure design. Earlier orientation
optimization methods face the main problem of huge number of
design variables. Recently, a patch concept was proposed to
reduce the number of design variables as shown in Figure 11.
The elements in one patch share identical definition of fiber ori-
entation. However, the traditional stress-based method cannot
deal with patch orientation optimization of composite struc-
tures. In this paper, we propose an extended stress-based
method to deal with such problems. The considered problems
are to minimize the mean compliance under multiple load cases
or to maximize the eigenvalues of a composite structure. Four
numerical examples are solved in order to demonstrate the effi-
ciency of the new method. It is shown that the new method has
the ability to deal with constraints on orientation angle, such as
symmetric, anti-symmetric and discrete orientation angle con-
straints. The iteration is less time-consuming because no sensi-
tivity analysis is needed and a quick convergence rate can be
achieved.

In this work [7], the stress-based method is extended to deal
with optimal patch orientation problems for composite struc-
tures under single and multiple load conditions. Some special
constraints related to patch orientation angles are applied for
the symmetric and anti-symmetric laminates in which patch
orientation angles have to take the same and the opposite
values, respectively. Besides, according to manufacturing
considerations, investigations are made to the cases where the

Patch p

Element e

Figure 11. Definitions of layers, patches, and finite elements.

Figure 10. Morphologies of microscopic RVC at different oxidation time. (a) 10 h, (b) 20 h, (c) 30 h, and (d) experimental observation.

Figure 12. Orthotropic material.
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orientation angles are restricted to discrete values of 0�, 45�,
�45�, and 90�. Several examples are finally given to show
the validity of this method.

For thin laminated composite structures, the plane-stress
condition may be applied due to the fact that out-of-plane stres-
ses are often small compared with in-plane-stresses. Suppose
each layer of the laminate is made of orthotropic materials.
Figure 12 shows a patch over a layer where the stress-strain
relationship of a point is

e1
e2
c12

8><
>:

9>=
>; ¼

S11 S12 0

S12 S22 0

0 0 S66

2
64

3
75

r1

r2

s12

8><
>:

9>=
>; ¼ S0

r1

r2

s12

8><
>:

9>=
>; ð11Þ

where e = {e1, e2, c12}
T and r = {r1, r2, s12}

T represent the
planar strains and stresses in the primed coordinate system
(O-123), respectively; S0 is the un-rotated orthotropic compli-
ance matrix.

Unlike the traditional stress-based method related to each
element, the Extended stress-based method (ESBM) expands
the integration over the patch domain so that

oU
ohp
¼
Z

Xp

rT oS

ohp
rdX ¼ 0; ð12Þ

where hp is the orientation variable related to patch p;
Xp represents the spatial domain of patch p.

Let rx, ry, and sxy denote components of the stress tensor in
the unprimed coordinate system (O-xyz), equation (12) can
explicitly be developed as a function of the patch orientation
variable hp

A sin 2hp þ B cos 2hp þ D sin 4hp þ E cos 4hp ¼ 0: ð13Þ
where coefficients A, B, D and E are computed as

A ¼ c
R

Xp
ðr2

x � r2
yÞdX;

B ¼ 2c
R

Xp
sxyðrx þ ryÞdX;

D ¼ d
R

Xp
½4ðsxyÞ2 � rx � ryÞ2

� �
dX;

E ¼ 4d
R

Xp
sxyðrx � ryÞdX:

ð14Þ

Note that the numerical Gaussian integration can be applied
for computing coefficients in equation (13). In practice, if the
finite element mesh is dense enough, the stress in each element
can be assumed to be a constant approximated by the value at
the centroid of the element.

When hp 5 p/2, roots of equation (13) can equivalently be
obtained by solving the following fourth-order polynomial
equation in terms of tan hp within the interval (�p/2, p/2).

ðE � BÞtan4hp þ ð2A� 4DÞtan3hp � 6Etan2hp

þð2Aþ 4EÞ tan hp þ Bþ E ¼ 0;
ð15Þ

Figure 13. Optimal patch orientation angles with anti-symmetric laminate.
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By means of equation (13), the following evaluation func-
tion can be defined to determine the optimal value of hp selected
from the real roots of equation (15) and hp = p/2.

f ðhpÞ ¼
R

oU
ohp

dhp

¼
Z

A sin 2hp þ B cos 2hp

�
þD sin 4hp þ E cos 4hp

�
dhp

¼ 1

4
�2A cos 2hp þ 2B sin 2hp

�
�D cos 4hp þ E sin 4hp

�
þ constant:

ð16Þ
Note that if each patch has just one finite element, the ESBM is
identical to the traditional stress-based method.

One example as shown in Figure 13 is to show the validity
of the ESBM in dealing with constraints of patch orientation
variables. The number of patches is 64 and each patch consists
of 8 · 8 elements. The left side of the cylinder (Z = 0) is
clamped and a bending moment Mx is applied on the right side
(Z = 36) of the structure. Assume the laminated composite with
four layers is used and they are numbered sequentially from the
inside to the outside of the cylinder. Likewise, the objective
function is to minimize the structural mean compliance.
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