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Abstract – Prediction accuracy of a metamodel of an engineering system in comparison to the simulation model it
approximates is one fundamental criterion that is used in metamodel validation. Many statistics are used to quantify
prediction accuracy of metamodels in deterministic simulations. The most frequently used ones include the root-
mean-square error (RMSE) and the R-square metric derived from it, and to a lesser degree the average absolute error
(AAE) and its derivates such as the relative average absolute error (RAAE). In this paper, we compare two aspects of
these statistics: interpretability of results returned by these statistics and their sample-to-sample variations, putting more
emphasis on the latter. We use the difference-mode to common-mode ratio (DMCMR) as a measure of sample-to-sam-
ple variations for these statistics. Preliminary results are obtained and discussed via a number of analytic and electronic
engineering examples.
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1. Introduction

Simulators are used in the design of many engineering sys-
tems. For example, the design of electronic integrated circuits
usually involves the use of transistor-level simulators such as
PSPICE. Because such simulators are often expensive in terms
of simulation times, different approximation models-that are
often termed metamodels- may be used to replace simulation
models. Metamodels are built and validated using simulation
results for samples of data points in the input space. Two fun-
damental criteria are used as the basis for accepting or rejecting
a metamodel: efficiency and accuracy. Efficiency is indicative
of how expeditiously predictions can be obtained; accuracy is
indicative of how good these predictions are.

Efficiency of a metamodel can be determined prior to meta-
model construction, and without any computational cost in
terms of the simulation runs needed, e.g., the time taken to eval-
uate a second-order polynomial metamodel in a given number
of dimensions is the same regardless of the underlying simula-
tion model. On the other hand, determining the accuracy of a
metamodel is closely linked to the number of data points used
in error calculations.

The accuracy of a metamodel is determined using quantita-
tive methods which are mostly based on average statistics, or
subjective methods using data displays such as box plots as
in Sargent [1] and Kleijnen and Deflandre [2]. Hamad and
Al-Hamdan use circle, ordinal, and marksman plots in [3]
and [4].

Two of the most popular quantitative measures used in
deterministic simulations to validate metamodels in terms of
their accuracy of prediction are the root-mean-square error
(RMSE) and the average absolute error (AAE), or some of their
derivates. Calculation of these statistics is obtained usually
using all of the available points in validation test samples, but
in some techniques cross-validation methods are employed
using subsets of the available test data; see Martin and Simpson
[5] and Meckesheimer et al. [6].

Derivates of the RMSE and AAE statistics which are in
essence relative error averages are sometimes used in the liter-
ature to give more interpretability to the results returned by
RMSE and AAE, or otherwise to enable comparisons of meta-
models especially when responses from different disciplines are
approximated. Two of the mostly used ones include R-square
and relative average absolute error (RAAE) or the like; see
for example Jin et al. [7]. The R-square metric is in essence
the square of the RMSE relative to the variance of the response
data in the test sample, while RAAE may be obtained by
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relating AAE to the standard deviation (defining equations for
these statistics are given later). Note that some applications use
AAE and RMSE relative to the average response instead, e.g.,
Qu et al. [8]. Other work relates RMSE to the range of response
values in the test data samples, e.g., Eeckelaert et al. [9].

An important assumption for the validity of the results
obtained by average-based statistics is related to the number
of data points used in test samples. Of course, results of these
statistics are meaningful only if the data used is sufficient in
number. It is often the case that obtaining a sufficient number
of observations is impractically expensive for complex simula-
tion models. For such cases, average-based metrics such as
RMSE and AAE may be ‘‘sensitive’’ to the number of observa-
tions used.

This paper provides a comparative study of four of the aver-
age-based statistics used for metamodel assessment in terms of
prediction accuracy. The statistics used in this study are the
RMSE and R-square, and AAE and RAAE. Two aspects of
these metrics are considered: interpretability of results and sam-
ple-to-sample variation in the results. We put more emphasis on
the issue of sample-to-sample variation, introducing a measure
to quantify this variation. The term given to this measure is the
common-mode to difference-mode ratio (DMCMR), as defined
in the next section.

The remainder of this paper is organized as follows. In Sec-
tion 2, the four statistics mentioned above are defined and con-
trasted in terms of their results interpretability and variability,
after defining what we mean by these terms. Preliminary results
are presented via examples in Section 3 with a discussion in
Section 4. The paper is then concluded by Section 5.

2 Statistics for metamodel prediction accuracy

In this section we define and compare the four statistics of
RMSE, R-square, AAE, and RAAE used for expressing predic-
tion accuracy of metamodels in relation to their respective sim-
ulation models. We compare two aspects of these statistics:
interpretability of the results they return and the sample-to-sam-
ple variation of these results. We start by defining these four sta-
tistics. We then clarify the term interpretability used in this
context, followed by the definition of DMCMR – the measure
we use to quantify sample-to-sample variations.

2.1 RMSE and R-square

Two of the more important measures used for model accu-
racy assessment including deterministic simulation models are
RMSE and R-square. They are defined by

RMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i�1

ŷi � yið Þ2

n

vuuut
; ð1Þ

R2 ¼ 1�MSE

r2
; ð2Þ

where MSE is the mean square error and r2 is the variance. In
these equations and the discussion to follow, yi is used to
denote the response modeled by ŷi for the ith data point in
a validation test sample having n observations. Note that
R-square is essentially derived from RMSE by squaring it
then relating the result to the variance of yi data. Theoretical
thresholds for best accuracies are zero and unity for RMSE
and R-square, respectively.

2.2 AAE and RAAE

The other two statistics that are compared in this paper are
the AAE and its derivate RAAE. AAE is defined by

AAE ¼ 1

n

Xn

i¼1
jŷi � yij: ð3Þ

Rather than relating AAE to the standard deviation of the
response data yi as in Jin et al. [7], we obtain RAAE by relating
AAE to the average of absolute values of the response data yi in
the validation sample. Defining RAAE this way gives more
interpretability to the results as explained shortly and provides
a simpler means for comparing results for different responses.
RAAE is then defined as

RAAE ¼ AAE

1
n

Pn
i¼1
jyij
� 100%: ð4Þ

As can be seen from these defining equations, RAAE can
be thought of as representing a measure for the percentage error
in the metamodel. The lower thresholds indicative of best accu-
racies for both AAE and RAAE are zero.

2.3 Interpretability of results

Assume that in a test problem RMSE is found to be 0.05
and 50 in another, then which of the two metamodels has better
prediction accuracy for its respective simulation model?
Assume on the other hand that the statistics for R-square are
given instead as 0.78 and 0.98 for the two metamodels, respec-
tively, then which one is better?

Note that results returned by RMSE cannot be interpreted
without referring to the context of the problem. For the example
given, if the response values are within the range 0.04–0.06 for
the first metamodel with RMSE = 0.05, and 10,000–20,000 for
the second metamodel having RMSE = 50, then obviously the
second metamodel is superior. On the other hand, the closer
R-square result for a metamodel is to unity the better its fit qual-
ity is regardless of response values. Looking at interpretability
of results of these statistics from another perspective, what
thresholds can we set on the values of the four statistics defined
above for adequate metamodels? Note that thresholds can be
readily set for R-square and RAAE, but not for RMSE and
AAE without reference to the context of the problem. For
example, the lower and upper thresholds in a given situation
may be set at 0.95 and 5% for R-square and RAAE,
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respectively. However, thresholds for RMSE and AAE cannot
be easily set without reference to the context of the problem.

Based on this discussion, we use two classifiers in this
paper for interpretability of statistical results in terms of predic-
tion accuracy. The results are either: (1) interpretable, or (2) not
interpretable without context. Hence, R-square and RAAE as
defined in equations (3) and (4) above are classified as having
‘‘interpretable results’’, while results returned by RMSE and
AAE are classified as ‘‘not interpretable without context’’.

2.4 Sample-to-sample variation using DMCMR

Another probably more important issue related to the results
returned by these statistics concerns the sample-to-sample vari-
ations in the results. Ideally, variations should approach zero for
deterministic simulation models. However, achieving such ideal
results comes at the cost of increased test samples sizes. In this
work, we quantify sample-to-sample changes in results using
DMCMR, the difference-mode to common-mode ratio, where
DMCMR for the two quantities f1 and f2 is defined by

DMCMR ¼ f1 � f2
1
2

f1 þ f2ð Þ � 100%; ð5Þ

where absolute values are taken to calculate the common-
mode component in the dominator of equation (5).

Variations with sample size n in the statistics defined by
equations (1)–(4) above are expected to be noticeable for test
sample sizes which are not adequate for taking averages, like
all other average-based quantities. However, since the sample
size n appears in different forms in these equations
(RMSE / n�1/2, AAE / n�1, while n cancels out in the
numerator and dominator for R-square and for RAAE), then
variations with n are expected to be different for these four sta-
tistics, as will be demonstrated by the examples of the next
section.

3 Examples

We compare in this section variation with sample size for
RMSE and R-square on one hand, and AAE and RAAE and
on the other hand, via three examples. For these examples:

d Polynomials metamodels are used. The number of coeffi-
cients q for a polynomial in k dimensions with a degree d
is q = (k+d)!/k!d!. These q coefficients are determined by
the method of least squares in the examples.

d Latin hypercube validation test samples are used to deter-
mine the four statistics above. Sample sizes of xq are
used, where the number of coefficients multiplier x is
varied in steps of 1 starting at x = 1. Latin hypercube
sampling is used to provide flexibility with sample sizes
and good uniformity over the input space.

The examples are taken from Hamad [10]. Example 1 uses
a one-dimensional analytic function for the response. For this
example, two metamodels having different number of coeffi-
cients q are studied. In Example 2, a two-dimensional function
that is frequently used in the literature is modeled, also via two
metamodels with different complexities. The third example

involves simulation results for an electronic circuit with three
design variables (inputs).

3.1 Example 1

The following response is defined for the space x 2 [�1,1]:

y ¼ 1� 10�5 e20x � 1
� �

þ 1000: ð6Þ

Two metamodels are derived for this response: the first one
is a second-order polynomial built using a minimum bias
design having four points, and the second metamodel is a
fifth-order polynomial derived using another minimum bias
design with 10 points.

Accuracy tests are carried out using 50 samples for each
metamodel. The number of observations for these samples
are xq; x = 1, 2, . . ., 50. The number of coefficients q for
the second-order and fifth-order polynomials is three and six,
respectively. Calculations of RMSE, R-square, AAE, and
RAAE are carried out for the second-order polynomial meta-
model using the 50 test samples in turn. Results are shown in
Figure 1 for one Latin hypercube sampling trial for each of
the 50 samples.

Note from the figure that each metric settles at a ‘‘final’’
value shown by solid lines crossing the plots in the middle.
These final values for RMSE in part (a) of the figure and
AAE in part (c) are at approximately 750 and 250, respectively.
Based on these two results, is the second-order polynomial an
acceptable metamodel? Moving on to parts (b) and (d) of the
figure for R-square and RAAE final values of approximately
0 and 19%, respectively, now is the metamodel acceptable?

Note that results from RMSE and AAE cannot be inter-
preted without reference to the context of the problem to exam-
ine the range of response values. On the other hand, merely
taking into consideration that the value of R-square is much
lower than the upper limit of one, then it is concluded that there
is a problem with the metamodel prediction capability. Simi-
larly, RAAE results can be interpreted by the mere consider-
ation of the values returned. A value of 19% for RAAE also
indicates that there is a problem. Note that some kind of quan-
tification to the size of the problem may also be inferred from
RAAE results; it can be further concluded that the size of the
problem is such that the prediction performance of the meta-
model is erroneous by 19% on average. In light of the discus-
sion given so far, we may therefore say that results returned by
R-square and RAAE are classified as ‘‘interpretable’’ by com-
parison to RMSE and AAE results which are ‘‘not interpretable
without context’’.

Sample-to-sample variations measured by DMCMR
defined in equation (5) above are depicted in Figures 2 and
3. Figure 2a shows variation results for RMSE superimposed
on those for R-square. Similarly, Figure 2b shows superimposi-
tion of results for AAE and RAAE. Figure 3 shows sample-to-
sample variations for all four metrics for sample sizes of 10q or
less.

Note from Figure 2a that the minimum sample size is at
approximately 25q for RMSE to settle to within ±10% of the
final value (the two dotted lines running across the figure),
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and approximately 30q for R-square. For smaller sample sizes
of 10q or less, Figure 3 reveals that as a whole R-square per-
forms worse than RMSE vis-à-vis sample-to-sample variations.
This unexpected result may be explained by noting that the
response y in equation (6) above is almost constant for most
of the input space and increases sharply for x > 0.8, a condition
which is not favorable for R-square calculation. To explain,
refer to equation (2) above. It can be seen that the dominator
of the second term in equation (2) is small for nearly constant
response values, and even if the metamodel returns nearly zero
MSE, the value of the second term in equation (2) resulting
from dividing two small numbers is not without numerical
problems. A similar situation leading to questioning the validity
of R-square results that is dealt with in the literature rises for the
case when n is close to the number of coefficients q in the meta-
model. For such cases, R-square is ‘‘adjusted’’ to accommodate
the relative size of n to q; see Kleijnen and Deflandre [2].

Sample-to-sample variations for AAE and RAAE can be
compared by reference to Figures 2b and 3 for the smaller sam-
ple sizes. It can be seen from both figures that RAAE performs
slightly better that AAE. Note from Figure 2b that both AAE
and RAAE settle down to ±10% variations at a minimum sam-
ple size of around 25q, which is the same result for RMSE as
discussed above. Referring to Figure 3, it can be seen that
RMSE behaves only marginally worse that AAE or RAAE.

In order to investigate the sample-to-sample variations of
the four metrics in more detail, 10 trials are carried out for each
of the 50 Latin hypercube samples and DMCMRs are calcu-
lated for each metric. Then, minimum sample sizes after which
the corresponding metric is confined within DMCMR levels of
±10% are noted and plotted in Figure 4. The average of such
minimum sample sizes for the 10 trials for each metric are also
calculated and given in Table 1. Figure 5 explains how the

minimum size is determined for trial 1 for DMCMR calcula-
tions for RMSE.

As can be seen from Figure 4, R-square performs consis-
tently worse for all 10 trials, while RAAE performs consistently
the best. The results in Table 1 also show that RAAE has the
best performance on average in terms of sample-to-sample vari-
ations in its results, with minimum average size of 11.7q. This
means that a test sample of size 11.7q on average is considered
‘‘adequate’’ in the sense that the results returned will not be
more than ±10% of the ‘‘true’’ value that would be obtained
if the test sample size were infinite. By the same token, ade-
quate sample sizes for RMSE, R-square, and AAE are 21q,
29.2q, and 16.2q respectively, as given in Table 1. Note that
for this example R-square unexpectedly performs worse than
RMSE. The reason for the unexpected performance of R-square
was mentioned above, where it was explained that R-square
results cannot be used in two situations: (1) if the number of
observations n is close to the number of coefficients q, and
(2) if the response is nearly constant for a sizable portion of
the input space. Note in addition that R-square is close to zero
for most test samples; see Figure 1b above.

In summary, RAAE outperforms the other three statistics
for Metamodel 1 of Example 1 because: (1) it has the best inter-
pretable results, and (2) it has the smallest adequate sample size
of 11.7q, i.e., the minimum sample size for ±10% deviation
from the ‘‘true’’ result is 11.7q or nearly 35 observations for this
case.

3.1.1 Metamodel 2

The order of the metamodel polynomial is changed to
five. The final values are approximately 450, 0.65, 170, and
13% for RMSE, R-square, AAE, and RAAE, respectively.

Figure 1. Validation results for the second-order polynomial metamodel vs. the number of coefficients multiplier x.
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Sample-to-sample variations for the four metrics are calculated,
again using 50 Latin hypercube samples. Results for DMCMRs
are shown for one sampling trial in Figure 6 superimposed for

RMSE and R-square in part (a), and AAE and RAAE in part (b)
of the figure.

As seen in Figure 6a, performance of R-square in terms of
sample-to-sample variation is overall better than RMSE perfor-
mance, as would be expected. Note for example that the mini-
mum sample size for ±10% confinement of DMCMR level
variations for the sampling trial shown is 28q for RMSE and
17q for R-square. The situation for AAE and RAAE is similar
to that for Metamodel 1 above, with RAAE performing margin-
ally better than AAE as seen in Figure 6b. Sample-to-sample
variations for the four metrics are shown in Figure 7 for sample

Figure 3. Sample-to-sample variations in DMSMR vs. x for
‘‘smaller’’ samples.

Figure 4. Minimum sample sizes for confinement within ±10%
DMCMR using 10 trials for each of the 50 test samples.

Figure 2. Sample-to-sample variations in DMCMR vs. x.

Table 1. Average of minimum sample sizes for ±10% DMCMR
levels confinement using 10 trials for each test sample.

Statistic Metamodel 1 Metamodel 2

RMSE 21q 24.9q
R-square 29.2q 14.6q
AAE 16.2q 17.5q
RAAE 11.7q 16.7q

Figure 5. RMSE sample-to-sample variation for Latin hypercube
sampling trial 1 showing the minimum sample size of 24q for
confinement within ±10% DMCMR.
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sizes of 10q or smaller. It can be seen from the figure that for
the smaller samples with sizes between 2q and 3q the variability
is largest for R-square, while variability becomes largest for
RMSE for sample sizes of 4q up to 10q.

In order to investigate the sample-to-sample variations of the
four metrics in more detail, the scenario used for Metamodel 1
above is followed here where 10 sampling trials are carried
out for each of the 50 Latin hypercube samples and DMCMRs
are calculated for eachmetric. Then, minimum sample sizes after
which the correspondingmetric is confinedwithinDMCMR lev-
els of ±10% are noted and plotted in Figure 8. The average of
such minimum sample sizes for the 10 trials for each metric
are also calculated and given in Table 1 above.

Note from Figure 8 that RMSE performs consistently worse
for all 10 trials. It can also be seen from the figure that R-square
performs marginally better than AAE and RAAE for all 10 trials
except trial 9. RAAE performs slightly better than AAE for all 10
trials; see Figure 8. These are the same conclusions in relation to
the average minimum sample sizes in Table 1, where RMSE has
the worst average of 24.9q, and the other three metrics having
nearly equal averages, with R-square slightly the best.

Therefore, we can conclude for Metamodel 2 of Example 1
that RMSE has the worst performance in relation to sample-to-
sample variations. Also, interpretability of its results does not
put it up in front of the other three metrics either. While the
sample-to-sample variation for RAAE is slightly higher than
R-square (16.7q for RAAE and 14.6q for R-square as given
in Table 1), however, its interpretability of results may make
it the best choice in this situation as well. Thus, while the
grounds for rejecting a metamodel because of an R-square of
0.65 are shaky, but on the other hand a metamodel with a
RAAE of 13% is understood to have an error of 13% on aver-
age, may be giving clearer indications of whether to accept or to
reject the metamodel.

3.2 Example 2

The second example involves the two dimensional response
studied in other work including Martin and Simpson [5], Jin
et al. [7], and Hamad et al. [11]; given by:

y ¼ cos 6 x1 � 0:5ð Þð Þ þ 3:1� x1 � 0:7j j þ 2 x1 � 0:5ð Þ

þ sin
1

x1 � 0:7j j þ 0:31

� �
þ 0:5x2 x1; x2 2 0; 1½ �:

ð7Þ

Figure 8. Minimum sample sizes for confinement within ±10%
DMCMR using 10 trials for each of the 50 test samples.

Figure 6. Sample-to-sample variations in DMCMR vs. x.

Figure 7. Sample-to-sample variations vs. x for ‘‘smaller’’ samples.
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Two metamodels are derived and tested for this response.
Metamodel 1 is a second-order polynomial having q = 6, while
Metamodel 2 is a piecewise metamodel consisting of two sec-
ond order polynomials: one for each part of the input space par-
titioned along x1 in two halves, and with q = 6 for each
polynomial; see Hamad et al. [11].

3.2.1 Metamodel 1

Figure 9 shows validation results for Metamodel 1 using
one-hundred Latin hypercube samples with sizes xq = 1q,
2q, . . ., 100q observations. Part (a) of the figure shows that
most of the one-hundred test samples have RMSEs around
0.32, while AAEs for most samples are around 0.27 as depicted
in part (c); what can be inferred about the prediction validity of
Metamodel 1 from these results? Again, prediction accuracy
cannot be judged by merely referring to the results for RMSE
or AAE.

Referring to R-square results of Figure 9b, however, it can
be immediately concluded that the metamodel is not accepted in
terms of its prediction merits because R-square is far from the
upper threshold of unity for all test samples; what is wrong with
Metamodel 1? This question can be answered by interpreting
RAAE results of Figure 8d. RAAE results show that for the
one-hundred samples tested, their RAAE levels are between
10% and 17%, with most points having 12–14% RAAE as
depicted in the figure, i.e., the error for observations in these
samples is between 12% and 14% on average.

Sample-to-sample variations for the four metrics are calcu-
lated, again using one-hundred Latin hypercube samples.
Results for DMCMRs are shown in Figure 10 for one sampling
trial for the first 50 samples superimposed for RMSE and
R-square in part (a), and AAE and RAAE in part (b) of the
figure. Superimposition of the four metrics is shown in
Figure 11 for the first 10 test samples. As can be seen from

these figures, R-square performance is poor; however, the
results for the other three metrics are comparable.

In order to investigate the sample-to-sample variations of the
fourmetrics inmore detail, we use 10 sampling trials as before for
each of the first 50 Latin hypercube samples and DMCMRs are
calculated for each metric. Then, minimum sample sizes after
which the correspondingmetric is confinedwithinDMCMR lev-
els of ±10% are noted and plotted in Figure 12. The average of
such minimum sample sizes for the 10 trials for each metric are
also calculated and given in Table 2.

It can be seen from Figure 12 and Table 2 that sample-to-
sample variation is worst for R-square, with RMSE slightly bet-
ter that AAE and RAAE. Note from Figure 9b that R-square is
close to zero; this is a similar situation to that obtained for
Metamodel 1 of Example 1 and shown in Figure 1b.

The response considered in this example is waving in the
direction of x1, and the global second-order Metamodel 1 cannot
follow this waving response consistently leading to increased
sample sizes as shown in Table 2. Results are improved by using
the piecewise Metamodel 2 as demonstrated below.

3.2.2 Metamodel 2

The piecewise Metamodel 2 is validated to test its predic-
tion accuracy using the same scheme outlined above for Meta-
model 1. Results are shown in Figure 13 for R-square and
RAAE only in order to save space. Part (a) of the figure shows
that R-square is around 0.82 for most of the test samples indi-
cating that the piecewise second-order metamodel is a good
improvement relative to the global Metamodel 1. With this
improved R-square value of 0.82, is Metamodel 2 acceptable?
RAAE provides more information that helps in answering this
question. Refer to Figure 12b, it is seen that RAAE is 4–5% for
most samples, meaning that Metamodel 2 has 4–5% error on
average. This allows for a more informed basis for judging
the acceptability of the metamodel.

Figure 9. Validation results for Metamodel 1 vs. the number of coefficients multiplier x.
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Sample-to-sample variations are shown in Figure 14a for
RMSE and R-square, and for AAE and RAAE in Figure 14b,
and Figure 15 shows these variations for the smaller samples
with sizes of 10q or less. To investigate these variations in more

Figure 11. Sample-to-sample variations vs. x for ‘‘smaller’’
samples.

Figure 12. Min. sample sizes for confinement within ±10%
DMCMR using 10 trials for each of the 50 test samples.

Figure 10. Sample-to-sample variations in DMCMR vs. x.

Table 2. Average of minimum sample sizes for ±10% DMCMR
levels confinement using 10 trials for each test sample.

Statistic Metamodel 1 Metamodel 2

RMSE 29.4q 6.4q
R-square >100q 4.6q
AAE 34.6q 6.4q
RAAE 34.7q 6.4q

Figure 13. Validation statistics for Metamodel 2 vs. the number of
coefficients multiplier x.
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details, the method used above for Metamodel 1 is repeated
here for Metamodel 2, where 10 sampling trials for each of
the 50 Latin hypercube test samples are examined for minimum
sizes after which the respective metrics are confined to ±10%
variations. The results are summarized by Figure 16, and
Table 2.

It can be seen from Figure 16 and Table 2 that R-square per-
forms marginally better than the other three metrics. RAAE per-
forms the same as AAE for all 10 trials, and RMSE is slightly
worse for the first seven trials; see Figure 16.

Similar conclusions can be made for Metamodel 2 in this
example as those given above for Metamodel 2 in Example
1, where it was mentioned that while the sample-to-sample var-
iation for RAAE is slightly worse than R-square, however, its
interpretability of results may make it the best choice. Thus,
while the grounds for rejecting a metamodel because of an R-
square of 0.82 are shaky (see Figure 13a), but on the other hand
a metamodel with a RAAE of 4–5% is understood to have an
error of 4–5% on average, may be giving clearer indications of
whether to accept or to reject the metamodel.

3.3 Example 3

The three-dimensional problem in this subsection is an elec-
tronic engineering problem that relates the portion H of the
input signal that appears as an output in the circuit of Figure 17.

The portion H is dependent upon the three design variables
R1, R2, and R3 connected as shown in the figure. Using a circuit
simulator gives results which are identical to those given by the
following equation obtained from elementary circuit analysis
techniques

H ¼ R1R2 þ R1R3

R1R2 þ R1R3 þ R2R3 þ 10R2 þ 10R3
: ð8Þ

A second-order polynomial is constructed from a minimum
bias experimental design having seventeen points in the space

Figure 14. Superimposition of DMCMR results.

Figure 15. Variations vs. x for ‘‘smaller’’ samples.

Figure 16. Minimum sample sizes for confinement within ±10%
DMCMR.

Figure 17. Electric circuit for Example 3.
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[1,100]3. Accuracy tests are then carried out using one-hundred
Latin hypercube samples. The number of observations for these
samples are xq; x = 1, 2, . . ., 100. The number of coefficients
q for this case is 10. Calculations of RMSE, R-square, AAE,
and RAAE are carried out for the metamodel using the one-
hundred test samples in turn. Results are shown in Figure 18
for RMSE and RAAE using one sampling trial for each of
the one-hundred Latin hypercube test samples used. Results
for AAE and R-square are omitted to save space.

Figure 18a shows that RMSE varies from a little above 0.02
to nearly 0.043, being approximately 0.033 ± 0.002 for most
samples; is this metamodel accurate based on these RMSE
results? Note that in equation (8) above 0 < H < 1 for the entire
input space; now the quality of the metamodel can be deter-
mined after this information about the response is known. Inter-
preting the results from R-square can be carried out without
reference to the context of the problem; R-square values (not
shown) are between 0.959 and 0.991 for all of the one-hundred

test samples, a performance which is close to the upper theoret-
ical threshold of unity.

Note that interpreting the results for RAAE shown in
Figure 18b gives more information about the prediction accu-
racy of the metamodel. The figure reveals that for all of the
one-hundred test samples RAAE is 3.1–4.8%, indicating that
the error in metamodel predictions is on average between
3.1% and 4.8%.

Sample-to-sample variations are depicted by Figure 19a for
RMSE and R-square, and by Figure 19b for AAE and RAAE,
while Figure 20 depicts these variations superimposed for small
sizes having 10q observations or less. The same scales are used
in both parts of Figure 19 for easy comparison. Note from the
figures that sample-to-sample variation is worst for RMSE, with
the R-square performance being up in front of the other three
statistics.

These sample-to-sample variations are investigated further
by carrying out 10 sampling trials for each the first 50 of the
100 Latin hypercube samples and DMCMRs are calculated
for each of the four metrics considered. Minimum sample sizes

Figure 18. Validation statistics for Example vs. the number of
coefficients multiplier x.

Figure 19. Superimposition of DMCMR results.
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after which the corresponding metric is confined within
DMCMR levels of ±10% are plotted in Figure 21. The average
of such minimum sample sizes for the 10 sampling trials for
each metric are also calculated and given in Table 3.

It can be seen from Figure 21 and Table 3 that R-square far
outperforms the other three metrics with an average minimum
size of 2q, and RMSE showing worst results in terms of sam-
ple-to-sample variations with an average minimum size of
nearly 40q. RAAE performs the same as AAE for nearly all
10 trial at averages of about 26q. Thus, R-square is up in the
front being robust against sample-to-sample variations. Also,
the results returned by it can be interpreted without context,
as compared to those results returned by RMSE or AAE.

4. Discussion

Five metamodels are considered in this comparative study:
two metamodels for each problem in Examples 1–2, and one
metamodel in Example 3. These metamodels are validated in
terms of their prediction accuracy using four statistics: RMSE
and its derivate R-square, and AAE and its derivate RAAE.
Results obtained using these four statistics are compared based
on two criteria: interpretability and sample-to-sample variations.
With regard to interpretability of results:

d RMSE and AAE results are not interpretable without
referring to the problems context; a metamodel with
RMSE of 0.05 and AAE of 0.02, say, may be an accurate
model or otherwise depending on the response values
used.

d On the other hand, there is no need to refer to the prob-
lem’s context for R-square and RAAE results; an
R-square of 0.999 is always welcome and a RAAE of
0.5% is also always taken positively. However, there is
more ‘‘substance’’ in the information returned by RAAE
since it points to the size of average error in prediction
and not merely giving a yes/no answer to the metamodel
acceptability as in the case for R-square.

Therefore, RAAE has some preference over R-square in
terms of interpretability of results, with both RMSE and AAE
way behind in this respect. This leading role for RAAE vis-
à-vis interpretability does not necessarily guarantee the first
position for it among the other three statistics; the other more
important aspect related to sample-to-sample variability is still
to be considered.

The performance of the four statistics in terms of sample-to-
sample variation is thoroughly studied in this work: at least 50
test samples are used for any of the five metamodels and the
number of observations used in these samples being 1q, 2q,
up to 50q, with each of the 50 test samples undergoing 10 Latin
hypercube sampling trials. Variability is quantified by the newly
introduced measure referred to as difference-mode to common-
mode ratio DMCMR. The minimum sample size for a given
sampling trial for which DMCMR is confined within ±10%
(see Figure 5) is noted for the 10 sampling trials and plotted
for the five metamodels in the five Figures 4, 8, 12, 16, and
21. Averages of results in these figures are summarized in three
tables: Tables 1–3. These five figures and three tables, summa-
rized in Figure 22 for convenience, are the basis upon which
preliminary results for sample-to-sample variability are given.
The following can be concluded by reference to the summary
in Figure 22:

d Sample-to-sample variability for RAAE shows marginal
improvement over AAE variability in worst cases.
Another more important merit for RAAE over AAE is
related to interpretability of results. Therefore, if the
choice has to be made between AAE and RAAE, then
RAAE would be a better choice since it conveys more
information about the metamodel prediction validity with
reduced sample-to-sample variability.

Figure 20. Sample-to-sample variations vs. x for ‘‘smaller’’
samples.

Figure 21. Minimum sample sizes for confinement within ±10%
DMCMR.

Table 3. Average of minimum sample sizes for ±10% DMCMR
levels confinement.

Statistic Average size

RMSE 39.9q
R-square 2.0q
AAE 26.4q
RAAE 26.5q
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Figure 22. Summary of sample-to-sample variations results (averages in the last column are for, from top: RMSE, R-square, AAE, and
RAAE).
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d R-square has the best performance in relation to sample-
to-sample variability provided that the following condi-
tions are satisfied by the response data used in its calcu-
lation: (1) The number of such data points is larger than
the number of coefficients in the metamodel, and more
importantly (2) The data variance is not close to zero.

Based on this preliminary study we are inclined to conclude
that using both R-square and RAAE in metamodel predictabil-
ity validation serves two purposes at the same time: (1) it min-
imizes the number of observations in test samples for
robustness against sample-to-sample variations, and (2) it
allows for a more solid ground for judging the acceptability
of the metamodel. To clarify this latter point, recall the results
obtained for Metamodel 2 in Example 2 above, with R-square
values in Figure 13a close to 0.82 and RAAE results are 4–5%
as shown in Figure 13b. Using R-square results alone only per-
mits a choice between either yes or no for acceptability of the
metamodel. However, if in addition it is known that the predic-
tion error is 4–5% on average, then this may constitute a better
grounds for accepting (or rejecting) the metamodel.

Finally, it can be seen by referring to the summary in
Figure 22 that minimum sample sizes for confinement within
±10% variability are impractically high for most cases. For
instance, the average of minimum sample sizes for the 10 sam-
pling trials is 4.6q for R-square results related to Metamodel 2
in Example 2, and as can be seen from the figure, this is the sec-
ond best case among the 20 averages given. This result means
that the required sample size is nearly twenty-eight observations
for the two-dimensional problem considered in the example
with six coefficients used for the corresponding metamodel.
This then raises the question about the need to develop a ‘‘sub-
stitute’’ statistic which can be exclusively used in validating
metamodels for deterministic simulations. This statistic should
be chosen to reduce the minimum size of adequate validation
samples. The Metamodel Acceptance Score (MAS) discussed
in [10] is one such statistic. MAS sample-to-sample variability
is reduced since MAS value depends on error ‘‘count’’ in a
sample rather than error average.

5. Conclusions

This paper presented a comparative study of four statistics
used in validating metamodels in deterministic simulations:
RMSE along with its derivate R-square, and AAE and its der-
ivate RAAE. RMSE and AAE are ‘‘purely’’ average-based,
while their derivates are ‘‘less’’ dependant on averages through
the cancellation of the sample size terms in the numerators and
dominators of their defining equations. It is shown that
the derivates are less prone to variations in sample sizes by

comparison to their respective statistic, at least marginally as
in the case of AAE and RAAE, provided that the derivate is
used correctly in the first place, e.g., the variance of response
data used for R-square calculations not approaching zero. In
addition to being more robust against sample size variations,
the derivate statistics provide better interpretability of results
without reference to the context of the problem. Based on the
results of this preliminary study, we are not hesitant to advocate
the use of R-square and RAAE together in reporting metamodel
validation results for deterministic simulations instead of RMSE
or AAE. However, due to the excessive sample sizes required
for ±10% sample-to-sample variations, we are even less hesitant
to report the need to develop a substitute statistic which can be
used exclusively for deterministic simulations.
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