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Abstract. The current study focussed on analysing natural frequency and damping of laminated composite
beams (LCBs) by varying fiber angle, aspect ratio, material property and boundary conditions. Ritz method
with displacement field based on the shear and normal deformable theory is used and the modal damping is
calculated using modal strain energy method. Effects of symmetric angle-ply and cross-ply, anti symmetric
cross-ply, balanced and quasi-isotropic lay up schemes onmodal damping are presented for the first time. Results
revealed that influence of lay-up scheme on natural frequencies is significant for the thin beams while the modal
damping of the thin beams are not sensitive to lay-up scheme. However, the lay-up scheme influences the
damping significantly for the thick beams. Similarly, high strength fiber reinforced LCBs have higher natural
frequency while low strength fiber reinforced LCBs have higher damping due to the better fiber-matrix
interaction.
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1 Introduction

Fibre reinforced laminated structures are always in
demand because of high strength and very less weight.
The laminated composite beam is a very common
structural element used in various engineering applications
such as mechanical, automobile, marine and aircraft
industries [1]. The structures made of laminated composite
materials have higher damping compared to conventional
metallic structures due to the filler-matrix interaction [2].
Rajesh and Jeyaraj [3] through experiments demonstrated
that, for a fibre reinforced composite beam, modal damping
is influenced by nature of reinforcement. Senthilkumar
et al. [4] shown that fibre length and its content influences
the natural frequency of LCB significantly.

Various theorems presented by several researchers to
analyze the free vibration frequencies of LCBs, using
numerical and analytical methods, are recently reviewed
by Sayyad and Ghugal [5]. Vo et al. [6] presented a shear
and normal deformation model to analyse natural
frequencies of LCBs using Ritz method. Nguyen et al. [7]
formulated a unified model to study the static and dynamic
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behaviours of LCBs using Ritz method based on different
theorems. Jeyaraj et al. [8] analysed sound radiation
behaviour of a laminated composite plate using finite
element method and found that increase in modal
damping significantly reduces the vibration response at
the resonances. Eltaher and Mohamed [9] studied stability
characteristics of composite sandwich beams using differ-
ential quadrature method. Li et al. [10] used a unified
higher order theorem based method to analyse natural
frequencies of LCBs under the axial compression load.
Nguyen et al. [11] presented an analytical model for the
analysis of static and dynamic behaviours of LCBs using
Ritz method.

Modal damping is capable of controlling vibration and
sound levels when the system is excited at the resonant
frequencies. Damping plays a vital role in the design of
engineering components subjected to vibration and other
dynamic loadings. Chandra et al. [12] presented a detailed
study on damping of laminated composites and reported
that modal strain energy method is used in general to
estimate the damping theoretically. In aerospace applica-
tions, FRP composites are preferred due to higher inherent
damping associated with it. The increase in inherent
damping reduces the peak forced vibration responses
significantly [13]. Ni and Adams [14] presented a method to
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Fig. 1. Geometry of the analysed laminated beam.
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estimate damping of a LCB considering bending-twisting
coupling and compared the numerical results with the
experiments. Recently, Ozer et al. [15] developed a finite
element for the damping analysis of laminated composites.
Different elastic constants are defined in the complex form
in order to calculate the modal damping of the composite
structure numerically. Li et al. [16] presented an energy
based theoretical model to analyse the damping of thin
FRP plate. Lin et al. [17] predicted modal damping of
carbon and glass FRP plates using modal strain energy and
finite element method. Bruyneel et al. [18] highlighted the
importance of designing laminated composite structures
with optimised parameters to withstand against the
buckling load. Irhirane et al. [19] presented different
failure modes associated with LCBs and concluded that
still necessary studies needed to find the suitable failure
criteria for the given LCB. Liao et al. [20] studied LCBs
made of carbon-epoxy to analyse the interleaving effect on
the damping behaviour.

Literature study revealed that damping analysis of
LCBs is very important for its design considering vibration
and other dynamic effects. Some researchers analysed
vibration and damping behaviour of LCBs using numerical,
analytical and experimental methods. However, there is no
comprehensive study reported so far considering different
types of lamination schemes, aspect ratio, boundary
condition and material of the FRP on the combined
vibration and damping behaviour of the LCBs. Hence, the
effect of symmetric, un-symmetric, cross-ply, angle-ply,
balanced-ply and quasi-isotropic lamination schemes on
the vibration and damping of LCBs is analysed. The effect
of aspect ratio, structural boundary conditions and type of
FRP material (carbon-epoxy and glass-epoxy) on the
natural frequency and damping of LCBs also investigated
in this work. Numerical method formulated based shear
and normal deformation theorem and Ritz method is used
to obtain the natural frequencies while modal strain energy
based method is used to obtain the modal damping of the
LCBs.
2 Methodology

A LCB having length, width and thickness as L,b and h
receptively as shown in Figure 1 is considered. The shear
and normal deformation theorem is used to define the
strain displacement relation [6] and is as follows
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Z l
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ex ¼ ∂U
∂x

¼ u� zw00
b � fðzÞw00

s ð2aÞ

ez ¼ ∂W
∂z

¼ g0ðfzÞ ð2bÞ

gxz ¼
∂W
∂x

þ ∂U
∂z

¼ gðzÞðw0
s þ w0fzÞ ð2cÞ

For orthotropic lamina, the stress-strain relation is
given by

sx

sy

sxz

8><
>:

9>=
>;

k

¼
Q11 Q13 0

Q13 Q33 0

0 0 Q55

2
64

3
75
k ex

ez
gxz

8><
>:

9>=
>; ð3Þ

Strain energy variation ∂U is given by:

See equation (4) below.
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Table 1. Comparison of natural frequencies calculated using present method with Nguyen et al. [11] results.

Aspect ratio (L/h) BC Lay-up Nguyen et al. [11] Present study % error

5 8.609 8.580 0.33
10 SS 0°/90°/0° 18.814 18.847 0.17
50 30.859 30.936 0.25
5 1.234 1.184 4.00
10 CF 0°/90° 1.322 1.234 6.60
50 1.353 1.325 2.00
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variation in the kinetic energy dk of the beam is,

See equation (5) below.

The equation of equilibrium are obtained by following
the Hamilton’s principle. The present study used Ritz
procedure in finding the solution. The displacement
functions for variables u(x), wb(x), ws(x) and wz(x) are
given as [1],
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The terms Aj,Bj,Cj and Dj are undetermined coeffi-

cients, uj(x), ’(x), zj(x) andcj(x) are trial functions. The co-
efficients such as pu, qu, pwb, qwb, pws, qws and qwz vary
according to the end conditions of the LCB analysed.
Substitution of the displacement functions in the equilib-
rium equations leads to the following typical eigenvalue
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problem which is used to calculate the natural frequencies
of the LCB’s studied.

ðK � v2
kMÞfk ¼ 0 ð7Þ

In the above equation, K and M are stiffness and mass
matrices respectively. vk is the natural frequency and fk is
the mode shape [2]. It should be noted that the elastic
properties of the material used in the present work are of
complex in nature. Hence, the stiffness matrix evaluated
also will be of complex in nature i.e., it consists of real and
imaginary parts represented as KI and KR respectively.

Based on the modal strain energy method, the modal
loss factor (hk) of kth mode is obtained. as follows,

hk ¼
fT
kKIfk

fT
kKRfk

ð8Þ

In the above equation, fk is the kthmode shape andKI is
the imaginary part of the stiffness matrix. The reader is
referred to reference [11] for more details regarding the
relations stiffness and mass matrix co-efficients.
3 Validation study

3.1 Natural frequency validation

LCB beam analysed by Nguyen et al. [11] is considered for
the validation of natural frequency calculation using the
present study. Both Nguyen et al. [11] and present methods
used same theorem and Ritz method to evaluate the non-
dimensional fundamental frequency. The results of the
both the studies shown good agreement as shown in
Table 1.
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Table 2. Material properties of composite beams used in
the study [17].

Material properties Glass epoxy Carbon epoxy

E1 (GPa) 37.78 172.70
E2 (GPa) 10.90 7.20
G12 (GPa) 4.91 3.76
n12 (GPa) 0.30 0.30

r
kg

m3
1870 1566

h1 0.87 0.45
h2 5.05 4.22
h12 6.91 7.05
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4 Results

The study intended to predict the effect of boundary
conditions, aspect ratio and various types of laminate
schemes on natural frequency and damping of glass epoxy
and carbon epoxy LCBs. The beams are investigated for
SS, CC and CF boundary conditions. Symmetric angle-ply
and cross-ply, anti-symmetric cross-ply, balanced and
quasi-isotropic laminates are also analysed additionally.
A LCB having a cross section of b� h and of length(L)
0.5m is considered in the study. It is assumed that the cross
section is square and thickness is varied with respect to the
given aspect ratio (L/h). In order to analyse thick and thin
beam cases, the LCB is investigated for two aspect ratios
(L/h=5 and 20). The material properties of both glass
epoxy (GE) and carbon epoxy HM-S (CE) used in the
study are presented in Table 2 [17]. For both the materials,
resin DX-210 is used. An increment of 15° for u is considered
for the symmetric (0°/u°/0°) laminates and corresponding
variation in natural frequency and damping values for
GE-LCB are presented in Tables 3 and 4 for the two
different L/h ratios. The LCBs are analysed for their first
three bending modes. A comprehensive study on widely
used laminate schemes for natural frequency and damping
of fundamental mode is presented in Tables 5 and 6 for the
two L/h ratios respectively. Symmetric angle-ply and
cross-ply, anti-symmetric cross-ply, balanced and quasi-
isotropic laminates are analysed for their first fundamental
mode. The considered laminated schemes are analysed for
both glass epoxy and carbon epoxy materials.

Table 3 is tabulated for natural frequency and damping
of symmetric (0°/u°/0°) LCB with an aspect ratio of 5. The
results clearly depicts effect of boundary condition is more
influential than effect of fiber angle. The depiction is due to,
stiffness of the beam is directly influenced to the change in
boundary condition. CC beams are more stiffer than other
two beams and hence these are having higher natural
frequency as anticipated. The variation in the values of
natural frequency and damping observes to be marginal
along the fiber angle variation. But, the frequency
amplitude of CC beams are starting from high frequency
band and that of SS and CF beams are falling in between
lower frequency band and medium frequency band. Modal
damping of SS-LCB modes are much higher than the other
LCBs under other two boundary conditions due to the less
structural stiffness.

The variation in natural frequency and modal damping
of symmetric (0°/u°/0°) LCB with L/h=20 is presented in
Table 4. Unlike the LCB with L/h=5, there is marginal
variation in natural frequency for all the boundary
conditions. However, there is significant change in the
damping values as observed for L/h=5 cases. It is also
observed that due to the higher aspect ratio the LCBs with
L/h=20 have lower damping values compared to the
corresponding LCBs with L/h=5, except for few cases.

Effect of lamination scheme, boundary condition and
aspect ratio on the GE-LCB and CE-LCB is reported in
Tables 5 and 6, respectively. From the results of Table 5 it
is clear that there is a greater variation in natural
frequencies and damping values with regard to GE-LCB
and CE-LCB. In general, natural frequencies of CE-LCB
are higher than that of the GE-LCB due to higher elastic
modulus associated with CE material. However, the
modal damping values of GE-LCBs are much higher than
the CE-LCBs due to the better fibre-matrix interaction,
this can be clearly observed for thick beams. The fiber-
matrix interaction is better in GE-LCBs as the relatively
weaker glass fiber able to interact more with the the
matrix compared to the strong carbon fiber. In the case of
lay-up scheme, higher natural frequency is obtained for
CE-LCBs with symmetric cros-ply (0°/90°/90°/0°) for
both the thin and thick beams. Similarly higher damping
is observed for GE-LCB with anti-symmetric angle-ply
(45°/–45°/45°/–45°).
5 Conclusion

Free vibration and damping investigation on glass epoxy
and carbon epoxy LCBs with various configurations
including boundary conditions, aspect ratio, fiber angle
and lay up is presented. The solutions in the study are
obtained using Ritz method with polynomial displace-
ment field. From the results the following conclusions are
drawn:

–
 The type of boundary conditions significantly effecting
the natural frequency and damping of LCBs.
–
 Natural frequencies of thick beams are notmuch sensitive
to lamination scheme while, damping of thick beams is
highly sensitive to the lamination scheme.
–
 Modal damping of thin beams are notmuch influenced by
the lamination scheme while the natural frequency of
thin beams is very much sensitive to lamination scheme.
–
 Natural frequencies and modal damping are also highly
sensitive to the nature of the reinforced material.
The relatively strong fiber reinforcement enhances
natural frequencies due to the higher elastic modulus
associated with it. The relatively weak fiber reinforce-
ment enhances modal damping due to the better fiber-
matrix interaction.



Table 3. Natural frequencies and modal damping of 0°/u°/0° GE-LCB beam with L/h=5.

Fiber angle Mode Boundary condition

0°/u°/0° SS CC CF

1st Mode 264.96 (0.3735) 1727.92 (0.0103) 290.73 (0.0078)
0° 2nd Mode 592.99 (0.2499) 4380.23 (0.0108) 1686.37 (0.0085)

3rd Mode 791.59 (0.0249) 4616.32 (0.0055) 2308.16 (0.0055)
1st Mode 264.49 (0.3750) 1725.64 (0.0103) 290.28 (0.0078)

15° 2nd Mode 592.04 (0.2515) 4375.10 (0.0108) 1684.00 (0.0085)
3rd Mode 790.47 (0.0248) 4549.21 (0.0059) 2274.60 (0.0059)
1st Mode 263.50 (0.3780) 1720.19 (0.0103) 289.21 (0.0079)

30° 2nd Mode 590.24 (0.2552) 4362.72 (0.0109) 1678.34 (0.0086)
3rd Mode 787.78 (0.0246) 4383.46 (0.0069) 2191.73 (0.0069)
1st Mode 262.85 (0.3800) 1714.56 (0.0104) 288.13 (0.0079)

45° 2nd Mode 589.68 (0.2584) 4202.98 (0.0079) 1672.58 (0.0086)
3rd Mode 785.06 (0.0242) 4349.84 (0.0109) 2101.49 (0.0079)
1st Mode 263.05 (0.3794) 1711.08 (0.0103) 287.49 (0.0078)

60° 2nd Mode 591.37 (0.2592) 4081.83 (0.0083) 1669.11 (0.0086)
3rd Mode 783.45 (0.0235) 4341.69 (0.0108) 2040.92 (0.0083)
1st Mode 263.75 (0.3772) 1709.89 (0.0102) 287.29 (0.0077)

75° 2nd Mode 594.06 (0.2581) 4033.95 (0.0082) 1668.01 (0.0085)
3rd Mode 782.97 (0.0230) 4338.75 (0.0108) 2016.97 (0.0082)
1st Mode 264.13 (0.3760) 1709.74 (0.0102) 287.28 (0.0077)

90° 2nd Mode 595.34 (0.2574) 4025.37 (0.0080) 1667.92 (0.0085)
3rd Mode 782.94 (0.0228) 4338.31 (0.0108) 2012.69 (0.0080)

Table 4. Natural frequencies and modal damping of 0°/u°/0° GE-LCB beam with L/h=20.

Fiber angle Mode Boundary Condition

0°/u°/0° SS CC CF

1st Mode 206.98 (0.0062) 468.24 (0.0072) 73.64 (0.0068)
0° 2nd Mode 475.24 (0.5420) 1280.84 (0.0114) 459.91 (0.0067)

3rd Mode 829.35 (0.0068) 2578.07 (0.3069) 1280.95 (0.0068)
1st Mode 206.65 (0.0062) 467.80 (0.0074) 73.52 (0.0068)

15° 2nd Mode 475.33 (0.5420) 1441.58 (0.1089) 459.19 (0.0068)
3rd Mode 828.04 (0.0068) 2295.85 (0.0059) 1278.93 (0.0068)
1st Mode 205.87 (0.0063) 466.25 (0.0074) 73.25 (0.0069)

30° 2nd Mode 476.03 (0.5409) 1278.94 (0.0071) 457.48 (0.0069)
3rd Mode 824.88 (0.0069) 2220.04 (0.0084) 1274.16 (0.0069)
1st Mode 205.09 (0.0064) 464.35 (0.0074) 72.97 (0.0069)

45° 2nd Mode 477.97 (0.5372) 1273.95 (0.0072) 455.75 (0.0069)
3rd Mode 821.61 (0.0069) 2255.72 (0.0076) 1269.34 (0.0069)
1st Mode 204.62 (0.0064) 463.25 (0.0074) 72.81 (0.0069)

60° 2nd Mode 481.13 (0.5309) 1271.06 (0.0071) 454.73 (0.0068)
3rd Mode 819.55 (0.0069) 2267.71 (0.0072) 1266.51 (0.0069)
1st Mode 204.48 (0.0063) 462.91 (0.0072) 72.76 (0.0068)

75° 2nd Mode 484.19 (0.5247) 1270.16 (0.0070) 454.44 (0.0068)
3rd Mode 818.82 (0.0068) 2272.56 (0.0070) 1265.68 (0.0068)
1st Mode 204.47 (0.0063) 462.88 (0.0072) 72.76 (0.0068)

90° 2nd Mode 485.47 (0.5222) 1270.09 (0.007) 454.42 (0.0067)
3rd Mode 818.71 (0.0068) 2273.61 (0.007) 1265.63 (0.0067)
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Table 5. Influence of lamination scheme on frequency and modal damping of the fundamental mode of LCB with
L/h=5.

Laminate type Lay up Material SS CC CF

Symmetric angle-ply 30°/�45°/�45°/30° GE 258.83 (0.4122) 1455.75 (0.0141) 240.83 (0.0128)
CE 353.47 (0.1872) 2613.57 (0.0137) 489.81 (0.0050)

Symmetric cross-ply 0°/90°/90°/0° GE 263.13 (0.3831) 1663.94 (0.0101) 278.6 (0.0077)
CE 383.81 (0.1523) 3052.7 (0.0166) 613.17 (0.0046)

Anti-Symmetric angle-ply 45°/�45°/45°/�45° GE 263.92 (0.4174) 1251.02 (0.0189) 205.01 (0.0183)
CE 387.24 (0.1593) 2046.65 (0.0115) 358.58 (0.0066)

Anti-Symmetric cross-ply 0°/90°/0°/90° GE 281.26 (0.3474) 1380.51 (0.013) 228.23 (0.0116)
CE 468.94 (0.0996) 2385.83 (0.0129) 438.65 (0.0054)

Balanced Laminate 45°/30°/�30°/�45° GE 266.73 (0.3984) 1282.10 (0.0179) 210.54 (0.0172)
CE 398.79 (0.1407) 2138.18 (0.0119) 380.24 (0.0062)

Quasi Iso-tropic 0°/45°/�45°/90° GE 278.99 (0.3565) 1293.77 (0.0164) 212.97 (0.0155)
CE 465.14 (0.1017) 1927.61 (0.0143) 334.58 (0.0110)

Quasi Iso-tropic 0°/60°/�60° GE 271.83 (0.3740) 1318.9 (0.0171) 217.28 (0.0162)
CE 426.17 (0.1235) 1908.21 (0.0155) 329.46 (0.0129)

Table 6. Influence of lamination scheme on frequency and modal damping of the fundamental mode of LCB with
L/h=20.

Laminate type Lay up Material SS CC CF

Symmetric angle-ply 30°/�45°/�45°/30° GE 171.01 (0.0119) 280.83 (0.1081) 60.89 (0.0122)
CE 353.41 (0.0038) 798.32 (0.0039) 125.97 (0.0037)

Symmetric cross-ply 0°/90°/90°/0° GE 198.17 (0.0067) 448.61 (0.0073) 70.54 (0.0069)
CE 447.39 (0.0026) 1009.06 (0.0029) 159.53 (0.0026)

Anti-symmetric angle-ply 45°/�45°/45°/�45° GE 145.37 (0.0179) 329.46 (0.0182) 51.79 (0.0180)
CE 256.24 (0.0060) 204.59 (0.3743) 91.34 (0.0060)

Anti-Symmetric cross-ply 0°/90°/0°/90° GE 162.03 (0.0113) 366.91 (0.0114) 57.74 (0.0113)
CE 315.68 (0.0044) 713.81 (0.0045) 112.60 (0.0043)

Balanced laminate 45°/30°/�30°/�45° GE 149.34 (0.0168) 331.06 (0.0106) 53.20 (0.0169)
CE 272.26 (0.0054) 525.89 (0.0313) 97.05 (0.0054)

Quasi-isotropic 0°/45°/�45°/90° GE 151.16 (0.0152) 342.43 (0.0153) 53.88 (0.0152)
CE 239.28 (0.0105) 542.13 (0.0105) 85.43 (0.0105)

Quasi-isotropic 0°/60°/�60° GE 154.28 (0.0158) 349.47 (0.0159) 54.99 (0.0158)
CE 235.58 (0.0125) 533.91 (0.0125) 84.14 (0.0125)
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