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Abstract. The current investigation presents the analytical investigation on free vibration and inherent
material damping of boron-FRP plate, subjected to non-uniform uniaxial edge loads. Initially critical buckling
load (Pcr) is obtained, then followed by free vibration response and inherent material damping values for
corresponding modal indices of the FRP plate is calculated for different load fraction of non-uniform uniaxial
edge loads. The buckling load and free vibration response are obtained by using strain energy method and
Reddy’s TSDT respectively. It is observed that the nature of load and aspect ratio influence the bucking, free
vibration and inherent material damping behaviour of the fibre reinforced polymer plate significantly.
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1 Introduction

Fiber-reinforced plastic (FRP) composites plate made up
of born-epoxy, are extensively used in automobile,
aerospace, naval, and other engineering applications due
to their tailoring properties for a less weight to high
stiffness. For the better dynamic design consideration,
henceforth damping and buckling studies of the engineer-
ing structures are considered to be an imperative factor.
Due to boron-fiber and epoxy-matrix interactions (i.e.,
acting like viscoelastic material) compared to the tradi-
tional materials, these boron-FRP structures have inherent
material damping. During the working condition, these
born-FRP structures exposed to non-uniform uniaxial edge
(NUE) loads. Which varies the stiffness of the structure
and cause change in free vibration and inherent material
damping behavior. So, it is important to monitor the free
vibration and inherent material damping behavior of
boron-FRP plate subjected to different NUE loads.
Timoshenko and Gere [1] analyzed the buckling behavior
of flat isotropic simply supported structure by obtaining
equilibrium governing differential equation, to predict an
accurate buckling load of the structure. Reddy [2]
analytically derived various shear deformation theories
to study the dynamic characteristics of the structure
subjected to the different boundary conditions and external
arbitrary forces. Kang and Leissa [3] have benchmarked the
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analytical method for calculating the accurate buckling
load of a metal plate under the fluctuating in-plane edge
load, by using a fourth-order partial differential equation.
Mijuskovic et al. [4] theoretically studied the instability of
flat plate subjected to the arbitrary edge loads under varied
boundary conditions with the help of the Ritz energy
method. Ferreira et al. [5] derived an analytical formulation
for laminated plates to predict the accurate buckling load
and its mode, by using a radial basis function on Reddy’s
TSDT. Stoodeh and Karami [6] employed the numerical
method to calculate the vibration and buckling character-
istics of anisotropic composite plates, with the help of layer-
wise FEM. Bhagat et al. [7] used finite element analysis to
study the vibration and instability characteristics of flat
metal structure exposed to the non-uniform thermal load.
Khdeir and Librescu [8] theoretically examined the
instability and vibration characteristics of cross-ply
composite, based on higher-order plate theory combined
with the state-space concept. Dickinson [9] inspected a
profound analytical approach to determine vibration and
instability characteristics of orthotropic flat plate, with the
help of Warburton equation for the various boundary
conditions.

Sayyad et al. [10–12] has done the detailed analytical
study of buckling and vibration on anti-symmetric
laminated plates by using novel trigonometric theory
which includes shear deformation effect, to understand the
effects of slender ratio, modular ratio and fibre angle of the
composite plate. Ferreira et al. [13] numerically analysed
the vibration and instability of composite plates under
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Fig. 1. FRP plate subjected to non-uniform edge loads.
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irregular geometries by considering the radial basis
function on FSDT. Gunasekaran et al. [14] investigated
analytically the variations in vibration frequencies of
FG-graphene reinforced plates under arbitrary edge loads.
Arunkumar et al. [15] numerically studied the bending and
dynamic characteristics of the foam-filled sandwich panel
by using FEM. Kumar et al. [16] have benchmarked a
numerical solution for the vibration response of laminated
plates, with the help of 2D FE model incorporated with a
higher-order zigzag theory which is considered interlami-
nar shear stress. Alam and Asnani [17] used the variational
principle to predict the dynamic and damping factor of
fibre-reinforced plastic plates subjected to simply sup-
ported boundary conditions. Chandra et al. [18] given a
brief literature review about a damping study in fiber-
reinforced composite materials by using micromechanical,
micromechanical, and viscoelastic methods. Sudhakar
et al. [19] done a detailed investigation of rotating tapered
laminates on frequencies and its damping factors, with the
help of FEM based on the FSDT. Arunkumar et al. [20]
done a detailed numerically investigated the acoustic
radiation behaviour of sandwich panel by considering the
inherent material damping. Jeyaraj et al. [21] presented
the numerical study of acoustic radiation characteristics of
the FRP structure under the thermal load by considering
inherent material damping by following a combined FEM/
BEM approach. Gunasekaran et al. [22] theoretically
investigation the influence of arbitrary loads on the sound
radiation behaviour of simply supported isotropic plate,
with the help of strain energy and TSDT approach. Xiang
et al. [23] used nth order shear deformation theory
to analyse the free vibration behaviour of laminated
composite plates.

In most of the practical cases the FRP structures are
subjected to NUE stresses loads. Examples are local
instability of stiffener, walls, floor and skin panels of wings
of an aircraft are widelymade up of FRP structures. During
the on-flight conditions, these structures experience normal
compression with uniform pressure. Due to this the panel
edges are subjected to combined tensile and compressive
stresses. So, it is important to investigate effect of NUE
loadings on buckling and free vibration characteristics of a
FRP structure.
Form the above detailed literature evaluation, it is
concludedthatthe investigationof inherentmaterialdamping
and free vibration characteristics of the fibre reinforced
polymer laminated plate under different NUE loads is still an
unexplored region of research. Present paper, mandates
analytical investigation on the effects of non-uniform in-plane
edge loads on the inherent material damping and natural
frequencies of boron fibre reinforced polymer laminate.

2 Methodology

All side simply supported boron-FRP plate, under the non-
uniform uniaxial in-plane load considered for the present
study is shown in Figure 1. With the help of Strain energy
approach, the buckling strength of boron-FRP plate is
predicted analytically. By using Reddy’s third order shear
deformation theory (TSDT) approach, dynamic response of
boron-FRP plate is obtained, to understand the variation in
natural frequencies and inherent material damping. Equa-
tion (1) represents the common load intensity formulation of
differentNUE loads.To obtain thebuckling load value (Pcr)
of boron-FRP under NUE loads, the main characteristic
equation (Eq. (2)) is solved by using second order
approximation for Alpha (a) is 0, 1 and 1.5 and third order
approximation for Alpha (a) is 2 case. For the free vibration
analysis and material inherent damping of the FRP plate is
obtained by solving equations (3) and (4) by considering
Reddy’s TSDT approach, the reader is referred to Reddy [2]
and Jeyaraj et al. [21] for more details of the derivation.
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Table 1. Comparison buckling load with Kang and Leissa [3].

Loading factor (a) Minimum buckling load Absolute % error

Kang and Leissa [3] Present

0 39.48 39.48 0
1 77.08 77.08 0
1.5 132 132 0
2 235.7 235.7 0

Table 2. Comparison of complex natural frequency and damping with ANSYS.

Mode ANSYS Present Absolute ANSYS Present Absolute ANSYS Present Absolute
number Real frequency error % Imaginary frequency error % Damping error %

(m,n) (Hz) (Hz)

(1,1) 5.479 5.481 0.03 0.265 0.263 0.76 0.0479 0.0479 0
(2,1) 19.806 19.806 0 0.812 0.812 0 0.0410 0.0410

Table 3. Effect of NUE load on dimensional buckling load.

Lay-up Aspect ratio Load factor (a)
(a/b) 0 1 1.5 2

Dimensional buckling load ð0=90=0=90=0=90Þs 0.5 6.751 11.921 16.561 22.091

1.25 2.971 5.851 10.581 19.462

2 2.952 5.772 10.052 19.083

ð�45=45=� 45=45=� 45=45Þs 0.5 9.071 17.121 26.421 40.611

1.25 7.021 13.721 23.692 38.812

2 6.822 13.252 22.472 38.703

Buckling load ratio ð0=90=0=90=0=90Þs 0.5 11 0.56601 0.40751 0.30561

1.25 11 0.50761 0.28071 0.22492

2 12 0.51142 0.29372 0.22493

ð�45=45=� 45=45=� 45=45Þs 0.5 11 0.52961 0.34331 0.22341

1.25 11 0.51161 0.32802 0.20022

2 12 0.51452 0.30342 0.19413

The superscript number imply the buckling mode number(m).
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hk ¼
fkf gT KI½ � fkf g
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whereD11,D12,D66 and D22 are boron-FRP plates bending
stiffness components.m is buckling mode number of x axis
direction, whereas n is in y axis direction of boron-FRP
plate. v2

k is circular natural frequency and fk is respective
mode shape, hk is modal loss factor, v is exciting frequency,
[M] mass matrix, [K] is stiffness matrix where suffixR and I
denotes the real and imaginary.
3 Validation studies

3.1 Buckling load

All side simply supportedmetal plate, under the NUE loads
studied by Kang and Lessia [3] is chosen for the buckling
characteristic validation.Kang andLessia [3] usedminimum
buckling load ðN�

oÞ to characterize the buckling strength
of the plate under different NUE loads. Buckling load value
calculated by current method shows a upright agreement
with Kang and Lessia [3] which is shown in Table 1.



Fig. 2. Effect of NUE loads on dimensional buckling load. (a) Cross ply, (a/b) = 0.5. (b) Angle ply, (a/b) = 1.25. (c) Cross ply, (a/b)= 2.
(d) Angle ply, (a/b) = 2.
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The minimum buckling load ðN�
oÞ is given as

N�
o ¼

Nob
2

D
: ð5Þ

3.2 Free vibration and damping

Since there are no clear study has been found in inherent
damping characteristics of simply supported FRP plate,
based on finite element approach of commercial software
ANSYS is used for the validation of the present
analytical method. A single layer boron-FRP with the
dimension (1� 1� 0.001 m3) is used for validation of free
vibration and inherent damping of boron-FRP plate. It is
found that calculated complex natural frequency and
inherent material damping of present analytical method
is closely matching with ANSYS results which is shown
in Table 2.
4 Results and Discussions

In this study cross-ply (0/90/0/90/0/90)s and angle-ply
(� 45/45/� 45/45/� 45/45)s laminates made of boron-
epoxy are considered, assumed that all edges are simply
supported. The plate considered has a layer thickness of
0.16mm and investigated for three aspect ratios (a/b) of
0.5, 1.25 and 2 with the constant slenderness ratio (b/h) as
200 by maintaining constant value of b=0.4m. The FRP
plate has the properties of boron fibre reinforced polymer
(BFRP) which is given as complex value for predicting the
inherent material damping, where E1=211(1+0.0014j)
GPa, E2=21.1(1+0.0008j) GPa, G12=G13=7
(1+ 0.011j) GPa, n=0.3 and r=1882 kg/m3. The present



Table 4. Effect of NUE loads on dimensional natural frequencies and inherent material damping (a/b=1.25).

Lay up Load factor Load fraction Modal Indices
(a) (Pcr) (1,1) (2,1) (1,2) (2,2) (3,1)

ð0=90=0=90=0=90Þs 0 0 0.2196* 0.5524 0.6704 0.8775 1.1659
(0.0478) (0.0443) (0.0415) (0.0478) (0.0408)

0.5 0.1552* (0.0535) 0.6522 0.8207 1.0687
(0.0676) (0.0535) (0.0427) (0.0511) (0.0445)

0.975 0.0344* 0.3422 0.6344 0.7629 0.9675
(0.3053) (0.0714) (0.0439) (0.0550) (0.0492)

2 0 0.2196* 0.5524 0.6704 0.8775 1.1659
(0.0478) (0.0443) (0.0415) (0.0478) (0.0408)

0.5 0.1001* 0.3904 0.6413 0.7857 1.0077
(0.1049) (0.0626) (0.0434) (0.0534) (0.0472)

0.975 0.1621 0.0851* 0.6123 0.6871 0.8300
(0.0647) (0.2871) (0.0455) (0.0611) (0.0574)

ð�45=45=� 45=45=� 45=45Þs 0 0 0.3374* 0.7096 0.8530 1.3479 1.2514
(0.0370) (0.0382 (0.0415) (0.0370) (0.0412)

0.5 0.2385* 0.5250 0.8189 1.2605 1.0263
(0.0523) (0.0516) (0.0432) (0.0396) (0.0502)

0.975 0.0524* 0.2430 0.7852 1.1715 0.7524
(0.2383) (0.1116) (0.0451) (0.0426) (0.0685)

1.5 0 0.3374* 0.7096 0.8530 1.3479 1.2514
(0.0370) (0.0382) (0.0415) (0.0370) (0.0412)

0.5 0.2254* 0.5013 0.8152 1.2509 0.9993
(0.0554) (0.0541) (0.0434) (0.0399) (0.0516)

0.975 0.1048 0.0644* 0.7764 1.1478 0.6652
(0.1191) (0.4213) (0.0456) (0.0435) (0.0775)

Values in the bracket indicates the inherent damping value for respective modal indices.
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investigations, dimensionless natural frequency and buck-
ling load as given in equations (6) and (7)).
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4.1 Buckling response

In this section, the impact of NUE loads on the
dimensionless buckling load of simply supported boron-
FRP plates is detailly investigated. Buckling load ratio
(BLR) and dimensionless buckling load of boron-FRP plate
subjected to different NUE loads are shown in Table 3. It is
observed that the aspect ratio (a/b) and different load
configuration of NUE loads have a significant impact on the
buckling behavior of boron-FRP plates. As the plate aspect
ratio (a/b) rises, the buckling mode number (m) in the
x-direction in which the plate buckles increase and
simultaneously reduces the dimensionless buckling load
value. With constant one buckling mode number (n) in the
y-direction of the plate. It is also noted from Table 3, that
dimensionless buckling load increase as rise in load factor
(a) value. Due to increase in asymmetricity of load
configuration and the tensile force effect of NUE loads as
load factor (a) rises. An upsurge in load factor (a), provides
extra stiffness of the boron-FRP plates, when compared to
the benchmark uniform distributed load case (i.e., a=0).
Hence the boron-FRP plate attains more stability and
buckles at the higher dimensionless buckling load value.
Angle-ply boron-FRP plates provide high buckling
strength, due to its own inherent elastic properties and
lay-up orientation as results in high plate cross-sectional
rotary inertia value which provide higher bending and
transverse shear stiffness for the plate compared to the
cross-ply boron-FRP plates. In load factor a=2 case, the
stability of boron-FRP plate enhanced due to the higher
load intensity area of tensile force and attains maximum
value of dimensionless buckling load value then the
remaining load factor (a) cases. By using Reddy’s TSDT
approach the free vibration response of boron-FRP plate is
obtained by using buckling load ratio (BLR) which is given
in Table 3.



Fig. 3. Effect of NUE loads on dimensional natural frequencies and inherent material damping. (a) Cross ply, (a/b) = 1.25. (b) Angle
ply, (a/b) = 1.25. (c) Cross ply, (a/b) = 1.25. (d) Angle ply, (a/b) = 1.25. (e) Cross ply, (a/b) = 1.25. (f) Angle ply, (a/b) = 1.25.
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Fig. 4. Effect of NUE loads on free vibration modes.
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4.2 Dynamic response

In this section, the variation of dimensionless natural
frequencies with a rise in different NUE loads is shown in
Figure 2. When boron-FRP plates are exposed to the
corresponding NUE buckling load, the dimensionless
natural frequencies of the fundamental mode approaches
zero. It is also noted that it is impossible to attain higher
buckling mode, for the NUE loads exposed at the shorter
length of the plate. Due to this the boron-FRP buckles with
(1,1) mode for all load cases when aspect ratio is 0.5.
However, load factor cases a=(0,1) and a=(1.5,2) of the
boron-FRP plate buckles at (1,1) and (2,1) mode for aspect
ratio is 1.25, due to its own material inherent orientation
properties and larger length of the plate exposed to the
NUE loads. Whereas the boron-FRP plate buckles (2,1) for
load factor case a=(0, 1, 1.5) and (3,1) mode for a=2 case,
when aspect ratio is 2. Form Figure 2., it is clearly noted
that when the aspect ratio rises above one by default the
buckling mode number for a=2 will be higher when
associated to rest of the cases, due to tensile force it obtains
the more stability to buckle at higher mode.

Table 4 shows the impact of different NUE loads on the
representation of modal loss factors (i.e., inherent material
damping) associated with its dimensionless natural
frequencies. As the free vibration analysis is done by
increasing load fraction of buckling load for the respective
boron-FRP plates, it is evident that reduce of frequency
mode towards zero. But the modal loss factor values
increase to a very high value, which causes diminished of
the frequency mode at the full fraction of buckling load
acting on the boron-FRP plates. This is due to the reducing
stiffness effect caused by the NUE loads. For better
understanding, the graphical representation of the effect of
different NUE loads on the dimensional natural frequencies
and inherent material damping is shown in Figure 3, with
the constant aspect ratio (a/b=1.25) is chosen for cross-
ply and angle-ply boron-FRP plates. Figure 4. shows the
effect of NUE load a=2 cases on the free vibration mode
shapes, it is clearly shown that rise in buckling load
fraction. The boron-FRP plate buckles at (2,1) mode
instead of (1,1) mode and observed that shift of mode shape
towards the lower region due to the tensile forces acting at
the top region of the boron-FRP plate.

5 Conclusions

Strain energy approach is employed to determine the
dimensionless buckling load, free vibration response of
BFRP plate is obtained by using Reddy [2] TDST
approach. It’s observed that non-uniform edge load has
signification effect on the dimensionless natural frequency
and inherent material damping of the boron-FRP plate.
Fundamental buckling mode for load case alpha=2 always
obtain the higher buckling mode, when compared to the
other load cases. Shifting of modal frequencies are observed
in the load case alpha=2 and when the boron-FRP plate
has higher aspect ratio (a/b). A very high rise in the modal
loss factor (i.e., inherent damping values for the respective
modal indices) is observed in the fundamental natural
frequency of the boron-FRP plate when the load fraction is
0.975 Pcr for the corresponding non-uniform load cases.
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