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1 Introduction

Let Q ¢ RY (N > 1) be a bounded Lipshitz domain and
0 <T<oo. It will be assumed throughout this paper that
p(x) is continuous function defined in Q with logarithmic
module of continuity:

2 <p~ =inf p(x) < p(x) <p*" =supp(x) < oo,
n u

c Q
Ip(x) — p(y)| < —m, 0

1
foranyx,y € Qwith |x — y| < 3

We set Q7 = Q % (0, T) and 7= 0Q X (0, 7). Our aim is
to prove the existence and uniqueness of solutions u = (uy, u)
to the nonlinear (p;(x), po(x))-Laplacian system:

@ul

al(x)a — Ay = filx,u,uy) in Oy,
Ou, .
a(x) o Ay e = fo(x,uy,up) in Qp, (2)
u =u, =0, in Xr,
(u1(-,0),u2(.,0)) = (@1, 02) on Q.

,0),
where p,(x) € C(Q) is a function, (i = 1, 2).
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Abstract — In this paper, the authors study an initial and boundary value problem to a system of evolution
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a;(x)u; — diV<|Vu,-|p’(x>72Vui) = filx,u,uy), (i=1,2).

The authors translate the parabolic equation into the elliptic equation by using the time discretization method, and
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The operator —A,yw = —div(|Vw|p (XHVW> is called
p(x)-Laplacian, which will be reduced to the p-Laplacian when
p(x) = p a constant.

The (p(x), pa(x))-Laplacian system (2) can be viewed as a
generalization of (p, g)-Laplacian system

u — Apu = f(x,u,0) in Oy,

v — Ao = g(x,u,) in Oy, 3)
u=v=20 in Xr,
(u(.,0),0(.,0)) = (¢1,9,) on Q.

For the case p(x)=p;>2, and aix)=1, (i=1, 2),
system (2) models as non-Newtonian fluids [2, 21] and nonlin-
ear filtration [2], etc. In the non-Newtonian fluids theory,
(p1, p2) is a characteristic quantity of the fluids, there have been
many results about the existence, uniqueness of the solutions.
We refer the readers to the bibliography given in [7, 9, 10,
11, 28, 31] and the references therein.

In recent years, the research of nonlinear problems with
variable exponent growth conditions has been an interesting
topic. p(-)-growth problems can be regarded as a kind of non-
standard growth problems and these problems possess very
complicated nonlinearities, for instance, the p(x)-Laplacian
operator —div(|Vu"™>Vu) is inhomogeneous. And these
problems have many important applications in nonlinear elas-
tic, electrorheological fluids and image restoration. The reader
can find in [14, 22] several models in mathematical physics
where this class of problem appears.
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The case of a single equation of the type (2) has been
studied in [4-6, 20] and the authors established the existence
and uniqueness results, in [20], the authors use the difference
scheme to transform the parabolic problem to a sequence of
elliptic problems and then obtain the existence of solutions
with less constraint to p,(x).

The more interesting question concerning parabolic systems
of (pi(x), po(x))-Laplacian type is to understand the asymp-
totic behavior of solutions when time goes to infinity. The study
of the asymptotic behavior of the system is giving us relevant
information about the structure of the phenomenon described
in the model.

Concerning the elliptic systems with variable exponents,
the results about existence and non-existence are proved in
[26, 27, 29, 30].

Note that system (2) has a more complicated nonlinearity
than the classical (p,g)-Laplacian system since it is
nonhomogenous.

Recently, [24] study the equation the p(x)-Laplacian
equation

a(x)% = div (u’”’l |Du|'171Du)7

where 4 >0, m + 4 — 2> 0 and a(x) is a positive continu-
ous function. They examine under which conditions on
behavior of a(x) corresponding nonnegative solutions of the
Cauchy problems possess the finite speed of propagations
or interface blow-up phenomena.

In this paper, we consider the existence and uniqueness for
the problem of the type (2) under some assumptions. The proof
consists of two steps. First, we prove that the approximating
problem admits a global solution; then we do some uniform
estimates for these solutions. We mainly use skills of inequal-
ity estimation and the method of approximation solutions. By a
standard limiting process, we obtain the existence to problem
of the type (2).

The outline of this paper is the following: In Section 2,
we introduce some basic Lebesgue and Sobolev spaces and
state our main theorems. In Section 3, we give the existence
and uniqueness of weak solutions. In Section 4, the blow-up
results will be proved. The asymptotic behaviour of solution
is established in Section 5.

2 Preliminaries

To consider problems with variable exponents, one needs
the basic theory of spaces L7“(Q) and W'7*(Q). For the con-
venience of readers, let us review them briefly here. The details
and more properties of variable-exponent Lebesgue-Sobolev
spaces can be found in [16, 17].

Let p(x) € C(Q). When p~ > 1, one can introduce the
variable-exponent Lebesgue space

IPY(Q) = {u :Q — R; wuismeasurable and

/ ufYdx < oo},
Ja

endowed with the Luxemburg norm.

. . wpE)
||W||p(x):1nf{A>0:/§l‘i‘ dxgl}.
1

1
The conjugate space is L/(Q), with — +— =1
Vx € Q. px)  qx)

As in the case of a constant exponent, set
(@) = {ux) € (@) [Vl € 1@},

endowed with the norm

||u||1,p(x) = ||u|‘p(r) + ||vu||p(x)

Similarly we also denote by " (x)(g/l) the closure of
CX(Q) in W(Q) and (W3P<x> (9)) is the dual of
W™ (Q) with respect to the inner product in L*(€Q).

In Propositions 2.1-2.3, we describe some results about the
Luxembourg norm.

Proposition 2.1 [16, 17]

1. The space (L"(")(Q)7 ||.||p(x)) is a separable, uniformly
convex Banach space, and its conjugate space is
1
where ——+

LIY(Q), -

(©) P
u € I’Y(Q) and v € L1Y(Q), we have the following
Holder-type inequality:

1 1
uvdx| < —+—) |y 0]
/ ] (p 5 Mol ol

S 2||u||p(x)||vl|q(x)

=1 Vxc€Q. For any

2.If ri(x) <rm(x) for any xe€Q, the imbedding
L?%(Q)—L"™(Q) is continuous, the norm of the
imbedding does not exceed |Q| + 1.

Proposition 2.2 [16]
If we denote

p(w) = / P, Y € 70 (Q),
Q
then

L Woey <1E1L>1) <= pw) <1(=1;> 1)
2. (Wl > 1= |W|£Ex> <plw) < |W|;(x);

3. oy = 0 = p(w) — 0;
Wy — 00 <= p(w) — 0.

Proposition 2.3 [16]

For uc W)"™(Q), there exists a constant C =
C(p,|Q|) > 0, such that:

||M| ‘p(x) S C||vu||p(r)’

This implies that ||Vull,,, and [[u][, ., are equivalent
norms of W"™(Q).
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System (2) does not admit classical solutions in general.
So, we introduce weak solutions in the following sence.

Definition 2.4 4 function u = (ul, u2) is said to be a weak
solution of equation (2), if the following conditions are
satisfied.:

1. u; € L0, T, Wyt (@)nco, T;1*(Q)),
aa”;’ € 1°(0, T, Wy " (Q)), (i = 1,2), such that:
2. For any ¢; € C;°(Or)
” iPi — e Vu,VqS

[
—fi(x, uy,uy) p,)dxdt = 0
3 w(x,0) = ,(x).

In the study of the global existence of solutions, we need
the following hypotheses (H):

|V,

(H1) ¢, € L¥(Q) N "™ (Q), (i=1,2),
(H2) 0< C,‘ S af(x) S LOC( ) (l = 1,
(H3) fi(x,u,u;) € C'(Q % RxR), (i=1,2).

3 Main results

Remark 3.1 In this paper, we shall denote by ¢;, C; differ-
ents constants, depending on p,(x), T, €2, but not on n, which
may vary from line to line. Sometimes we shall refer to a
constant depending on specific parameters Cy(7), etc.

Our main existence result is the following:

Theorem 3.2 Let (H1)—(H3) hold. Then system (2) admits
a unique solution u = (uuz) € (C((0, T); LA(Q)))*. Moreover,
the mapping (@1, @2) — (U(t), ux(t)) is continuous in
LH(Q) x LX(Q).

Proof of the main results.

3.1 Existence

We will semi-discrete (2) in time and solve the correspond-
ing elliptic problem. Based on the semi-discrete problem, we
construct the corresponding approximate solutions. The key
procedure is to establish necessary a priori estimates for find-
ing the limit of the approximate solutions via a compactness
argument.

We first consider the discrete scheme (4)

n—1

ai(x)%f Ayt = filxui " us™)  in Q,
u' =0 on @, 4
u? = (pi ln Q,

where Nt = Tand T is a fixed positive real, and 1 < n < N.

Lemma 3.3 Forany fixed n, ifu'" € W3 (Q) NL>(Q),
Problem (4) admits a weak solution u" € W "™ (Q) NL*(Q).
Proof. On the space W "¢ (Q) we consider the functional

®(v) :/pl( )|w|ﬂ' Jdx + — /Qa,(x)|v|2dx—/ggvdx.

where g € L*(Q) is a known function. Using Young’s
inequality and Proposition 2.1, there exist constants Cj,
C, > 0, such that:

1 (o
o) > - / Vol dx — Clg]%

2
Hvl\l,,, = Gllgllzz,

hence ®(v) — oo, as ||v[|;, ) — +oc. Since the norm is
lower semi-continuous and [, gvdx is continuous functlonal
@(v) is weakly lower semi-continuous on W,”“(Q) and
satisfy the coercive condltlon. From [14] we conclude that
there exists v € W™ (Q), such that:

O(v)= inf D(v),

Lp; (2
vem 1 (@)

and v* is the weak solutions of the Euler equation corre-
sponding to ®(v),

a;(x) T Ap? = -
Choosing g = fi(x,u},u3) + a;(x) L u), we obtain a weak
solution u! of (4).

L0
ai(x) ui . ul

— Dpou; = filx,ul u). (5)

Since | fi(x, ul,uz)‘ < M, we may prove by induction
that (4) has a solution #” in L*(Q). We put u! := w; and
for any integer k > 0, we may take (w; — M'c) 4
function in (5) to get

as a test

1 (x -
/Q;(WI_MT)I:de'i_k/ ’V(WI—M’L')I;‘() (Wi_MT)k ldx

1 k
:/Qr( — M~) de+/fx ud, ud)(

By using the Holder’s inequality and |f;(x,u},u3)| < M,
we have

[ o= aae)than < ([ o= b 0+ are)a)

L

k‘ﬁ k+1 F+1
< (/ (w; —Mr)lfldx) (/ (uf —|—Mr)k+ldx> .
Q Q

— M),

We deduce ||(w;

I(Q) S ||u? +MT||Lk+l(Q)

Lk7
Letting & — oo, we get (w;), < |[u}]|,«q +2M1.
Consider —w;, we get easily that (w;) > —|[u’|| =
2Mr, ie. ||u1||Lx < |||~ () +2M7 and if we choose t
such that t < 5, we obtain u! € L*(Q).

This completes the proof of lemma 3.3.
Now, we define the approximate solutions as (u;)_,
by: foralln € {1, ..., N}.

(u;), set
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u;(¢) = ul,

vt € [(n— 1)7,n7]
i (1) = (t=(n=1)7) (u — 1) + !

T 1

are well defined and satisfied in addition

() Do~ 7). (6)

- Apf(x)uif :fi(xaulf(- -

We first establish some energy estimates of u;., i;;.

We need several lemmas to complete the proof of
Theorem 3.2.

Lemma 3.4 There exists a positive constant C(T, ug) such
that, foralln=1,..., N

) € L¥(0, 52 (Q), (7)

Uiz, i, are bounded in LP™) (O, T; W(l)‘p’(x) (Q))

NL*(0,T;L*(Q)), (8)
(Or), )

and
Uiz, Uiz are bounded in L™ (0, T, Wyt (Q)) . (10)

Proof. (a) By lemma 3.3, for any n € N, u! is bounded;
whence (7)

(b) Multiplying (4) by tu, summing from n = 1 to N and
integrating over Q, we obtain

/ ( ) ”dx+rZ/|Vu " dy
‘EZ/f Xl Yl dr. (11)

By using the Young’s inequality, for ¢ > 0 small, there
exists C.(T) such that

)
T’ZN;/Qf(x up sl dx <erZ/|Vu ’p‘
+ C( 12)

With the aid of the identity 2o(o — P) = o — f* +
(o — ,3)2, we get

ul ' — !
‘EZ /ﬂai(x) (%) u}dx

x)|uf.v|2dx

With the above estimates, we get (8).
(c) Multiplying the equation (4) by u — !~
from n =1 to N, we get

—u 1
IZ/al ( ) dx
+Z / IV [P (- ) dx
_Z /f, Xy (W) — w7 ) dx

! and summing

By using the Young’s inequality, we get

Z/fxul

;i/(unl)dx. (13)

From the convexity of the expression [, [Vw/|” Wdx, we
get the following inequality:

/p;|vuln’px<x)dx7/%‘Vu:’lflypx(x)dx

DGR

1 1

/|Vu Y2 (- ) dx, (14)
which imply with (12) and (13) that
—Z/a, ( )dx+/p V"V dx < C;.

By lemma 3.4, there exists M; > 0 independent of © such
that:

Huir - i:lirHLoc(O.T;y( )) S |r£la<)}(v||u - uﬂ 1||L2

<M (15)

Therefore, taking T — 0", and up to subsequence, we get
that there exists u;, v; € L(0, T; W "™ (Q) N L™(Q)) such
Ou;
that a—i € L*(Qy), and as T — 0",

U S in L‘”(O,T; W(l)‘p"(x)(Q)ﬁL"O(Q)) and
i in (0,7 N@ @), (16)

O, 614,

From (14), it follows that u; = v;. From (15), we get that
in L*(0,T;LY(Q)), Vvg>1.  (18)

Uiy Ujr — U;
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By Aubin-Simon’s compactness results [22], we have

Now, multiplying (4) by u;; — u; and using (14) and (15),
we get by straightforward calculations:

ai’ir aui ~
/ () Wity Uiz — >dt

/ /f (x,uro(c — 1), up (. — 7))dxdt + 0.(1),

where 0,(1) — 0 as T — 0%,
Thus, we get that

1/'<m4>—muww

2
/ <A‘ yUie — A
SA Aﬂmm(—mw&—m®¢+MU,@®

and from (16) we have thus,

ul b ul‘L’

up, —u; in IPC (O T; W(l)p‘ (Q)), ast — 0T,
and consequently by the same as that in [24]
V0,75 e (Q)).

Dyt = Dpu; in LC

Therefore, u; satisfies (3).

3.2 Uniqueness

Let (H1)—(H3) be satisfied. Then system (2) has a unique
solution u = (uy, up) in O

Proof. Let u = (u;, u,) and v = (v, v») be solutions of (2),
we have:

/OT /Qai(x)ww

T
—/ <A,,,(X>ui A, ()vl,u,—v,->dt

/‘/Uxu x,0))(u

Since f{(x,.,.) is locally Lipschitz uniformly in Q, the differ-
ence w; = u; — v; satisfies

i — Ul')dxdt

P U,)dxd[

Ui, w,>dt

fi w22 +Z/<A,

<c / /w,«zdl‘,
; AL

we observe that w — —A,,w is monotone from ;" Y (@)
to W2 (Q)

2 2 T
S el <2ey / it (21)
i=1 i=1 J0

We finally deduce from Gronwall’s lemma,

Z wil” < Z [wi(0

> exp(2¢T), Vte (0,7).

Thus, we deduce that u; = v;.
Thus the solution is unique. The continuity of the the
mapping (¢, ®,) — (u1(¢),uz(¢)) can be obtained similarly.

Remark 3.5 From Theorem 3.2, the solution of system (2)
generates a semigroup {S(t)} ., in LA(Q) x LA(Q).

Remark 3.6 If we assume that f{x, s1, $5) = g{x, s1, 52) —
hix, s;) where h;: Q x R — R is Carathéodory mapping and
that there exist positive constants L;, c;, m;, C; such that:

s> Cj»

() (hi(x,a) — hi(x,b))(a — b) > —Lila—b> for any
x€Qanda,beRi=(1,2).

(ii) c,-|s|“"(x) —m; < hi(x,s)s < Cils Y 4 m; for any x € Q
and a,b € R, where o;(x) € C(Q), with 2 <o < of
<00 and g;(x,s1,5,) € C'(Q x R x R),i = (1,2).

where o;(x) € C(Q), with2 < o < af < o0, i = (1,2) and

2:(x,s51,8) € C'(QAx R x R).

By the same argument as that in [12, 32], One can show in
the same way that the semigroup {S(#)},., a55001ated with

system (2) admits an absorbing set in H (W”’ Q)

o .

NL%9(Q)); there is a bounded set B, C H( l”’()(Q)

NL%(Q)) such that, for any bounded set B in L(Q) x L*(Q),
there exists a 7 > 0 such that S(¢)B C By for any ¢ > T,,.
Where T, depends only on B.

4 Blow-up of solutions

In this section, we shall investigate the blow-up properties
of solutions to system (2) using energy methods. To this end,
we consider the following hypotheses on the data.

(H4) ¢, € Wl"”(')(Q) N LPY(Q) such that:

/g (01(x). @)} e = ,21 /gpl

(HS) fi(x7 M],uz) =

Vo, dx > 0.

H .
(u1,u,) and H is such that:

1

2 2 aF
Z |u,~|“§ocH(u17u2)§Z a—, a > max(py,2).
i= i=1

i=1

Throughout this section, we define for # > 0
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Eo=Z}Lﬁ%mewww
_ /QH(ul(x, 1),uy(x,1))dx

Theorem 4.1 Let (H1)—(HS5) be satisfied, then the solutions
of system (2) blow up in finite time, namely, there exists a
T* < 00 such that |[u;(.,t)||,, o — o0 as t — T*,

2
Proof. We define  E(1) =3 [, i Vuil” ) dx
i=1 '

— Jo H (uy (x, 1), un(x, 1) )dx. 5
Multiplying the first equation of (2) by Gitl’ the second by

Uy . .
e integrating by parts, we have

/ —g : b w, [P dx — uy(x, 1), up (x
0]&ZAMHVAdemmnxxmm}

=3 o) <o

which implies that E(t) < E(O).

ng

Multiplying the first equatlon of (2) by u;, the second by
u,, integrating by parts, we have

2
Ou;
/z):z /Qa,-(x)uia—idx
i=1
2 1 2 O0H
:_Z/pl |P1 dx+2/ul
_Zpl/ |p‘ dX+Z/ul

/Hulxt uzxt))dx)

(22)

Next define g(¢

-\ &
> 2) / ) dx 23
(52)% fmd 23)
By using Hoélder’s inequality, we have
1 2 5 ;
—/ (o < (3 )17 /|u,-|“dx L (24
2 o) Q

where ¢y = max (|||, Hasz).

By the formula ("Zﬂ)ﬁ <a’ 4+ b Na,b>0,p>1, we
have by combining (23), (24)

) > k),
1\* + 2
where k = <—> (1 -L2y0/7 > o.
Co 04
A direct integration of the above inequality over (0, #) then

yields
E0) > ,
~g'3(0) — k(%— l)t
that g(f) bows up at

which
T* < g"%(O)/(k(g — 1)), and so does u'.

implies a finite time

5 Asymptotic behaviour

This section is devoted to the asymptotic behaviour of solu-
tions. In ogder to prove the asymptotic behaviour, we assume

(H6) > fi(x, w1, uz)u; < 0.
i=1
Theorem 5.1 The weak solution u = (u(f), ux(f)) obtained

in Theorem 3.2, satifies: [, |uy(x,1) )7 dX-l-fQ |us (x, £) [P dx
<(C2%, where C'>0 (i=1, 2, 3), x=g5,f=p or
p; orp;.

Proof. Let u; be solution of (2).

Multiplying the first equation in (2) by #, and integrating
over Qg

1d 2 )
3% aj (x)|u| dx—i—/Q|Vu1| dx

Q
T
:/ /.fl(xvulauz)uldx
0o Ja

Multiplying the second equation in (2) by u, and integrat-
ing over Oy

1d .
R Qaz(x)|u2|2dx+/Q|Vu2|p2( Jdx

:/OT /sz(x,ul,ug)uzdx.

Summing up (25) and (26), we have from hypothesis (HS5)
that

1d
2 dt

(25)

(26)

1d s
[anluar+3 5 [ ahelar

+ / |V, [P dx + / |V, |2 ¥ dx < 0. (27)
Q Q

By u; € W;"™(Q), using Poincaré’s inequality, we obtain

2 2 2
luillz2 < el Vil [z < el Van [l - (28)

If [Vuy|, ) > 1 and [Vu,|, , > 1, by Proposition 2.2,
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|Vu1|§f<x) S/Q|Vu1|p‘<x)dx and

Va2 < /Q |V |2 dx. (29)

According to the assumption that pi(x) < po(x), Then
2<pi <pi <p; <p;.
Hence, we get from (28) that

1 d d ,
33 faPae3 & [ awhfa

P

o o
+cl</ |u12dx> +c2(/ |u2|2dx) <0,a.e,t>0.
Q Q

(30)

By the formula (4%)" <a*+ b Va,b>0,0> 1, we
have

1
<§/ [|u12dx+|u2|2]dx)
Q
gc(/ |Vu1|p‘<x)dx) +</ |Vu2|p2(x>dx) e
Q Q

this implies that

2dt/|l|dx+2dt/|2‘dx

P_
2
+C3</ [|u12dx+|u2|2]dx> <0,ae,t>0, (32
Q

where C; = min(Cy, C5).
Denote

P

M

MoaLWﬁw+mﬂw

Then, we obtain from (32) and (H2) that

K (t) + Ch(r)T < 0. (33)
If [Vuy|, ) < 1 and [Vu,|, , <1, by Proposition 2.2,
\Vu1|2<x> < /Q Vi, [ dx  and |Vu2|§§(x> < /Q |V |2

Then we get from (28) that

1d d 2
s Lo@nPae3 5 [ ahfa

o

+C (/ u1|2dx> + G </ |M2|2dx> <0,a.e,t>0.
Q Q

(34)

That is

1d d
55/ (Wdﬁ+2d

2
+c3</ [u1|2dx+|u2|2]dx> <0,a.e,t>0. (35)
Q

() |uz |

Again we have

N|N %

h()+Ch()

Similarly, if [Vu[,,, >1 and [Viy|, <1, or

[Vui|, oy <1 and [Vuy|, > 1, we can also obtaln the
51m11ar results
I >
} () + Ch(1)¥ < 0, or }(f) + Ch()¥ < 0
Hence
C
dx + —_—
/ o+ el < ey
2 o ,
a:m,ﬁ:pl orp, orp,,C; >0,i=1,2,3.

The proof is complete.
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