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Abstract – In this paper, the authors study an initial and boundary value problem to a system of evolution
p(x)-Laplacian systems coupled with general nonlinear terms:

ai xð Þuit � div ruij jpi xð Þ�2rui

� �
¼ fi x; u1; u2ð Þ; i ¼ 1; 2ð Þ:

The authors translate the parabolic equation into the elliptic equation by using the time discretization method, and
then the existence and uniqueness solution are obtained. The blow-up results is shown, by using the energy method.
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1 Introduction

Let X � RN (N � 1) be a bounded Lipshitz domain and
0 < T < 1. It will be assumed throughout this paper that
p(x) is continuous function defined in X with logarithmic
module of continuity:

2 < p� ¼ inf
X

p xð Þ � p xð Þ � pþ ¼ sup
X

p xð Þ <1;

p xð Þ � p yð Þj j � � C
log x� yj j ;

for any x; y 2 X with x� yj j < 1

2
:

ð1Þ

We set QT = X · (0, T) and RT = oX · (0, T). Our aim is
to prove the existence and uniqueness of solutions u = (u1, u2)
to the nonlinear (p1(x), p2(x))-Laplacian system:

a1 xð Þ ou1

ot
��p1 xð Þu1 ¼ f1 x; u1; u2ð Þ in QT ;

a2 xð Þ ou2

ot
��p2 xð Þu2 ¼ f2 x; u1; u2ð Þ in QT ;

u1 ¼ u2 ¼ 0; in RT ;

u1 :; 0ð Þ; u2 :; 0ð Þð Þ ¼ u1;u2ð Þ on X :

8>>>>>><
>>>>>>:

ð2Þ

where piðxÞ 2 CðXÞ is a function, (i = 1, 2).

The operator ��pðxÞw ¼ �div rwj jpðxÞ�2rw
� �

is called
p(x)-Laplacian, which will be reduced to the p-Laplacian when
p(x) = p a constant.

The (p1(x), p2(x))-Laplacian system (2) can be viewed as a
generalization of (p, q)-Laplacian system

ut ��pu ¼ f x; u; vð Þ in QT ;

vt ��qv ¼ g x; u; vð Þ in QT ;

u ¼ v ¼ 0 in RT ;

u :; 0ð Þ; v :; 0ð Þð Þ ¼ u1;u2ð Þ on X :

8>>><
>>>:

ð3Þ

For the case pi(x) = pi > 2, and ai(x) = 1, (i = 1, 2),
system (2) models as non-Newtonian fluids [2, 21] and nonlin-
ear filtration [2], etc. In the non-Newtonian fluids theory,
(p1, p2) is a characteristic quantity of the fluids, there have been
many results about the existence, uniqueness of the solutions.
We refer the readers to the bibliography given in [7, 9, 10,
11, 28, 31] and the references therein.

In recent years, the research of nonlinear problems with
variable exponent growth conditions has been an interesting
topic. p(Æ)-growth problems can be regarded as a kind of non-
standard growth problems and these problems possess very
complicated nonlinearities, for instance, the p(x)-Laplacian
operator �divðjrujpðxÞ�2ruÞ is inhomogeneous. And these
problems have many important applications in nonlinear elas-
tic, electrorheological fluids and image restoration. The reader
can find in [14, 22] several models in mathematical physics
where this class of problem appears.*e-mail: h.elouardi@ensem.ac.ma
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The case of a single equation of the type (2) has been
studied in [4–6, 20] and the authors established the existence
and uniqueness results, in [20], the authors use the difference
scheme to transform the parabolic problem to a sequence of
elliptic problems and then obtain the existence of solutions
with less constraint to pi(x).

The more interesting question concerning parabolic systems
of (p1(x), p2(x))-Laplacian type is to understand the asymp-
totic behavior of solutions when time goes to infinity. The study
of the asymptotic behavior of the system is giving us relevant
information about the structure of the phenomenon described
in the model.

Concerning the elliptic systems with variable exponents,
the results about existence and non-existence are proved in
[26, 27, 29, 30].

Note that system (2) has a more complicated nonlinearity
than the classical (p,q)-Laplacian system since it is
nonhomogenous.

Recently, [24] study the equation the p(x)-Laplacian
equation

a xð Þ ou
ot
¼ div um�1 Duj jk�1Du

� �
;

where k > 0, m + k � 2 > 0 and a(x) is a positive continu-
ous function. They examine under which conditions on
behavior of a(x) corresponding nonnegative solutions of the
Cauchy problems possess the finite speed of propagations
or interface blow-up phenomena.

In this paper, we consider the existence and uniqueness for
the problem of the type (2) under some assumptions. The proof
consists of two steps. First, we prove that the approximating
problem admits a global solution; then we do some uniform
estimates for these solutions. We mainly use skills of inequal-
ity estimation and the method of approximation solutions. By a
standard limiting process, we obtain the existence to problem
of the type (2).

The outline of this paper is the following: In Section 2,
we introduce some basic Lebesgue and Sobolev spaces and
state our main theorems. In Section 3, we give the existence
and uniqueness of weak solutions. In Section 4, the blow-up
results will be proved. The asymptotic behaviour of solution
is established in Section 5.

2 Preliminaries

To consider problems with variable exponents, one needs
the basic theory of spaces Lp(x)(X) and W1p(x)(X). For the con-
venience of readers, let us review them briefly here. The details
and more properties of variable-exponent Lebesgue-Sobolev
spaces can be found in [16, 17].

Let pðxÞ 2 CðXÞ: When p� > 1, one can introduce the
variable-exponent Lebesgue space

LpðxÞðXÞ ¼
�

u : X! R; u is measurable and

Z

X
uj jpðxÞdx <1

�
;

endowed with the Luxemburg norm.

jwj jjpðxÞ ¼ inf k > 0 :

Z

X

w
k

���
���
pðxÞ

dx � 1

� �
:

The conjugate space is Lq(x)(X), with
1

pðxÞ þ
1

qðxÞ ¼ 1
8x 2 X:

As in the case of a constant exponent, set

W 1;p xð Þ Xð Þ ¼ u xð Þ 2 Lp xð Þ Xð Þ : ruj jp xð Þ 2 L1 Xð Þ
n o

;

endowed with the norm

juj jj1;pðxÞ ¼ juj jjpðxÞ þ jruj jjpðxÞ:

Similarly we also denote by W 1;pðxÞ
0 ðXÞ the closure of

C10 ðXÞ in W 1;pðxÞðXÞ and W 1;pðxÞ
0 ðXÞ

� �0
is the dual of

W 1;pðxÞ
0 ðXÞ with respect to the inner product in L2ðXÞ:

In Propositions 2.1–2.3, we describe some results about the
Luxembourg norm.

Proposition 2.1 [16, 17]

1. The space LpðxÞðXÞ; j:j jjpðxÞ
� �

is a separable, uniformly
convex Banach space, and its conjugate space is

LqðxÞðXÞ; where
1

pðxÞ þ
1

qðxÞ ¼ 1 8x 2 X: For any

u 2 LpðxÞðXÞ and v 2 LqðxÞðXÞ; we have the following

Hölder-type inequality:
Z

X
uvdx

����
�����

1

p�
þ 1

ðq�Þ

� �
juj jjpðxÞ jvj jjqðxÞ

� 2 juj jjpðxÞ jvj jjqðxÞ:

2. If r1ðxÞ � r2ðxÞ for any x 2 X; the imbedding
Lr2ðxÞðXÞ,!Lr1ðxÞðXÞ is continuous, the norm of the
imbedding does not exceed Xj j þ 1:

Proposition 2.2 [16]
If we denote

qðwÞ ¼
Z

X
wj jrðxÞdx; 8w 2 LrðxÞðXÞ;

then

1. |w|(r(x)) < 1(= 1; > 1) () q(w) < 1 (= 1; > 1);

2. jwjrðxÞ > 1) wj jr
�

rðxÞ � qðwÞ � wj jr
þ

rðxÞ;

wj jrðxÞ\1) wj jr
þ

rðxÞ � qðwÞ � wj jr
�

rðxÞ;

3. |w|(r(x)) ! 0 () q(w) ! 0;
|w|(r(x)) ! 1 () q(w) ! 1.

Proposition 2.3 [16]
For u 2 W 1;pðxÞ

0 ðXÞ; there exists a constant C ¼
Cðp; Xj jÞ > 0; such that:

juj jjpðxÞ � C jruj jjp xð Þ;

This implies that jruj jjpðxÞ and juj jj1;pðxÞ are equivalent

norms of W 1;pðxÞ
0 ðXÞ:
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System (2) does not admit classical solutions in general.
So, we introduce weak solutions in the following sence.

Definition 2.4 A function u = (u1, u2) is said to be a weak
solution of equation (2), if the following conditions are
satisfied:

1. ui 2 L1ð0;T ;W 1;piðxÞ
0 ðXÞÞ \ Cð0; T ; L2ðXÞÞ;

oui

ot
2 L1ð0; T ;W�1;p

0
i ðxÞ

0 ðXÞÞ; ði ¼ 1; 2Þ; such that:

2. For any /i 2 C10 ðQTÞZ T

0

Z
X
ðaiðxÞui/it � ruij jpiðxÞ�2ruir/i

�fiðx; u1; u2Þ/iÞdxdt ¼ 0

3. uiðx; 0Þ ¼ uiðxÞ:

In the study of the global existence of solutions, we need
the following hypotheses (H):

(H1) ui 2 L1 Xð Þ \W 1;pi xð Þ
0 Xð Þ; i ¼ 1; 2ð Þ;

(H2) 0 < Ci � ai xð Þ 2 L1 Xð Þ; i ¼ 1; 2ð Þ;
(H3) fi x; u1; u2ð Þ 2 C1 X� R� R

	 

; i ¼ 1; 2ð Þ:

3 Main results

Remark 3.1 In this paper, we shall denote by ci, Ci differ-
ents constants, depending on pi(x), T, X, but not on n, which
may vary from line to line. Sometimes we shall refer to a
constant depending on specific parameters Ci(T), etc.

Our main existence result is the following:
Theorem 3.2 Let (H1)–(H3) hold. Then system (2) admits

a unique solution u = (u1,u2) 2 (C((0, T); L2(X)))2. Moreover,
the mapping (u1, u2) ! (u1(t), u2(t)) is continuous in
L2(X) · L2(X).

Proof of the main results.

3.1 Existence

We will semi-discrete (2) in time and solve the correspond-
ing elliptic problem. Based on the semi-discrete problem, we
construct the corresponding approximate solutions. The key
procedure is to establish necessary a priori estimates for find-
ing the limit of the approximate solutions via a compactness
argument.

We first consider the discrete scheme (4)

ai xð Þ u
n
i � un�1

i

s
��pi xð Þun

i ¼ fi x; un�1
1 ; un�1

2

	 

in X;

un
i ¼ 0 on oX;

u0
i ¼ ui in X;

ð4Þ

where Ns = T and T is a fixed positive real, and 1 � n � N.

Lemma 3.3 For any fixed n, if un�1
i 2 W 1;piðxÞ

0 ðXÞ \L1ðXÞ;
Problem (4) admits a weak solution un

i 2 W 1;piðxÞ
0 ð�Þ \L1ðXÞ:

Proof. On the space W 1;piðxÞ
0 ðXÞ; we consider the functional

UðvÞ ¼
Z

X

1

piðxÞ
rvj jpiðxÞdxþ 1

2s

Z

X
aiðxÞ vj j2dx�

Z

X
gvdx:

where g 2 L1ðXÞ is a known function. Using Young’s
inequality and Proposition 2.1, there exist constants C1,
C2 > 0, such that:

U vð Þ � 1

pþi

Z
X
rvj jpi xð Þdx� C2 jgj jj2L2

� 1

pþi
jvj jjp

�
1

1;p1 xð Þ � C2 jgj jj2L2 ;

hence U(v) ! 1, as jvj jj1;piðxÞ ! þ1: Since the norm is

lower semi-continuous and
R

X gvdx is continuous functional,
U(v) is weakly lower semi-continuous on W 1;piðxÞ

0 ðXÞ and
satisfy the coercive condition. From [14] we conclude that
there exists v� 2 W 1;piðxÞ

0 ðXÞ; such that:

U v�ð Þ ¼ inf
v2W

1;pi xð Þ
0 Xð Þ

U vð Þ;

and v* is the weak solutions of the Euler equation corre-
sponding to U(v),

aiðxÞ
v
s
� DpiðxÞv ¼ g:

Choosing g ¼ fiðx; u0
1; u

0
2Þ þ aiðxÞ 1

s u0
i ; we obtain a weak

solution u1
i of (4).

ai xð Þ u
1
i � u0

i

s
��pi xð Þu1

i ¼ fi x; u0
1; u

0
2

	 

: ð5Þ

Since fiðx; u0
1; u

0
2Þ

�� �� � M , we may prove by induction
that (4) has a solution un

i in L1ðXÞ: We put u1
i :¼ wi and

for any integer k > 0, we may take ðwi �MsÞkþ as a test
function in (5) to get

Z

X

1

s
ðwi �MsÞkþ1

þ dxþ k
Z

X
rðwi �MsÞpiðxÞ

þ

���
���ðwi�MsÞk�1

þ dx

¼
Z

X

1

s
ðwi �MsÞkþu0

i dxþ
Z

X
f ðx; u0

1; u
0
2Þðwi �MsÞkþdx:

By using the Hölder’s inequality and fiðx; u0
1; u

0
2Þ

�� �� � M,
we haveZ

X
ðwi �MsÞkþ1

þ dx �
Z

X
ðwi �MsÞkþ1

þ u0
i þMs

	 

dx

� �

�
Z

X
ðwi �MsÞkþ1

þ dx
� � k

kþ1
Z kþ1

X
u0

i þMs
	 
kþ1

dx
� � 1

kþ1

:

We deduce jjðwi �MsÞþjjLkþ1ðXÞ � jju
0
i þMsjjLkþ1ðXÞ:

Letting k ! 1, we get ðwiÞþ � jju0
i jjL1ðXÞ þ 2Ms:

Consider �wi, we get easily that ðwiÞ� � �jju0jjL1ðXÞ�
2Ms, i.e. jju1

i jjL1ðXÞ � jju0
i jjL1ðXÞ þ 2Ms and if we choose s

such that s � 1
2M, we obtain un

i 2 L1ðXÞ:
This completes the proof of lemma 3.3.
Now, we define the approximate solutions as ðuiÞs; ð~uiÞs set

by: for all n 2 {1, . . ., N}.
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8t 2 ðn� 1Þs; ns½ �
uisðtÞ ¼ un

i ;

~uis tð Þ ¼ t� n�1ð Þsð Þ
s un

i � un�1
i

	 

þ un�1

i ;

8><
>:

are well defined and satisfied in addition

ai xð Þ o~uis

ot
��pi xð Þuis ¼ fi x; u1s :� sð Þ; u2s :� sð Þð Þ: ð6Þ

We first establish some energy estimates of uis; ~uis.
We need several lemmas to complete the proof of

Theorem 3.2.
Lemma 3.4 There exists a positive constant C(T, u0) such

that, for all n = 1, . . ., N

un
i 2 L1 0; T ; L1 Xð Þð Þ; ð7Þ

uis; ~uis are bounded in Lpi xð Þ 0; T ; W 1;pi xð Þ
0 Xð Þ

� �

\ L1 0; T ; L2 Xð Þ
	 


; ð8Þ

o~uis

ot
is bounded in L2 QTð Þ; ð9Þ

and

uis; ~uis are bounded in L1 0; T ; W 1;pi xð Þ
0 Xð Þ

� �
: ð10Þ

Proof. (a) By lemma 3.3, for any n 2 N, un
i is bounded;

whence (7)
(b) Multiplying (4) by sun

i , summing from n = 1 to N and
integrating over X, we obtain

s
XN

n¼1

Z

X
ai xð Þ un

i � un�1
i

s

� �
un

i dxþ s
XN

n¼1

Z

X
run

i

�� ��pi xð Þ
dx

¼ s
XN

n¼1

Z
X

fi x; un�1
1 ; un�1

2

	 

un

i dx: ð11Þ

By using the Young’s inequality, for � > 0 small, there
exists C�ðT Þ such that

s
XN

n¼1

Z

X
fi x; un�1

1 ; un�1
2

	 

un

i dx ��s
XN

n¼1

Z

X
run

i

�� ��pi xð Þ
dx

þ C� Tð Þ: ð12Þ

With the aid of the identity 2a(a � b) = a2 � b2 +
(a � b)2, we get

s
XN

n¼1

Z
X

aiðxÞ
un

i � un�1
i

s

� �
un

i dx

¼ 1

2

XN

n¼1

Z
X

aiðxÞ un
i

�� ��2 � un�1
i

�� ��2 þ un
i � un�1

i

�� ��2� �
dx

¼ 1

2

XN

n¼1

Z
X

aiðxÞ un
i

�� ��2 � un�1
i

�� ��2� �
dxþ 1

2

Z
X

aiðxÞ uN
i

�� ��2dx

� 1

2

Z

X
aiðxÞ uij j

2dx:

With the above estimates, we get (8).
(c) Multiplying the equation (4) by un

i � un�1
i and summing

from n = 1 to N, we get

s
XN

n¼1

Z
X

aiðxÞ
un

i � un�1
i

s

� �2

dx

þ
XN

n¼1

Z
X
run

i

�� ��piðxÞ�2run
i :r un

i � un�1
i

	 

dx

¼
XN

n¼1

Z
X

fiðx; un�1
1 ; un�1

2 Þ un
i � un�1

i

	 

dx:

By using the Young’s inequality, we get

XN

n¼1

Z
X

fi x; un�1
1 ; un�1

2

	 

un

i � un�1
i

	 

dx

� C� Tð Þ þ s
2

XN

n¼1

Z
X

un
i � un�1

i

s

� �2

dx: ð13Þ

From the convexity of the expression
R

X rwj jpiðxÞdx; we
get the following inequality:Z

X

1

pi xð Þ run
i

�� ��pi xð Þ
dx�

Z

X

1

pi xð Þ run�1
i

�� ��pi xð Þ
dx

�
Z

X
run

i

�� ��pi xð Þ�2run
i :r un

i � un�1
i

	 

dx; ð14Þ

which imply with (12) and (13) that

s
2

XN

n¼1

Z

X
ai xð Þ un

i � un�1
i

s

� �2

dxþ
Z

X

1

pi xð Þ ruN
i

�� ��pi xð Þ
dx � Ci:

By lemma 3.4, there exists Mi > 0 independent of s such
that:

juis � ~uisj jjL1 0;T ;L2 Xð Þð Þ � max
1�n�N

jjun
i � un�1

i jjL2 Xð Þ

� Mi

ffiffiffi
s
p
: ð15Þ

Therefore, taking s! 0þ; and up to subsequence, we get

that there exists ui; vi 2 L1ð0; T ; W 1;piðxÞ
0 ðXÞ \ L1ðXÞÞ such

that
oui

ot
2 L2ðQT Þ, and as s! 0þ,

uis!
�

ui in L1 0; T ; W 1;pi xð Þ
0 Xð Þ \ L1 Xð Þ

� �
and

~uis!
�

vi in L1 0; T ; W 1;pi xð Þ
0 Xð Þ \ L1 Xð Þ

� �
; ð16Þ

o~uis

ot
! oui

ot
in L2 QTð Þ: ð17Þ

From (14), it follows that ui = vi. From (15), we get that

uis; ~uis ! ui in L1 0; T ; Lq Xð Þð Þ; 8q > 1: ð18Þ
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By Aubin-Simon’s compactness results [22], we have

~uis ! ui 2 C 0; T ; L2 Xð Þ
	 


: ð19Þ

Now, multiplying (4) by uis � ui and using (14) and (15),
we get by straightforward calculations:
Z T

0

Z

X
ai xð Þ o~uis

ot
� oui

ot

� �
~uis � uið Þdxdt

�
Z T

0

�pi xð Þuis; uis � ui

� 

dt

¼
Z T

0

Z
X

fi x; u1s :� sð Þ; u2s :� sð Þð Þdxdt þ os 1ð Þ;

where osð1Þ ! 0 as s! 0þ.
Thus, we get that

1

2

Z

X
ai xð Þ ~uis Tð Þ � ui Tð Þj j2dx

�
Z T

0

�pi xð Þuis ��pi xð Þui; uis � ui

� 

dt

�
Z T

0

Z

X
fi x; u1s :� sð Þ; u2s :� sð Þð Þdxdt þ os 1ð Þ; ð20Þ

and from (16) we have thus,

uis ! ui in Lpi xð Þ 0; T ; W 1;pi xð Þ
0 Xð Þ

� �
; as s! 0þ;

and consequently by the same as that in [24]

�piðxÞuis ! �piðxÞui in LpiðxÞ
0
ð0; T ; W �1;piðxÞ

0
ðXÞÞ:

Therefore, ui satisfies (3).

3.2 Uniqueness

Let (H1)–(H3) be satisfied. Then system (2) has a unique
solution u = (u1, u2) in QT.

Proof. Let u = (u1, u2) and v = (v1, v2) be solutions of (2),
we have:

Z T

0

Z

X
aiðxÞ

o ui � við Þ
ot

ui � við Þdxdt

�
Z T

0

�piðxÞui ��p1ðxÞvi; ui � vi

� 

dt

¼
Z T

0

Z

X
fiðx; uÞ � f ðx; vÞð Þ ui � við Þdxdt:

Since fi(x,.,.) is locally Lipschitz uniformly in X, the differ-
ence wi = ui � vi satisfies

C
2

X
i¼1

2

wij j2L2ðXÞ þ
X
i¼1

2 Z T

0

�piðxÞui ��piðxÞvi;wi

� 

dt

� c
X
i¼1

2 Z T

0

Z

X
wij j2dt;

we observe that w ! �Dp(x)w is monotone from W 1;pðxÞ
0 ðXÞ

to W�1;pðxÞ0 ðXÞ
X
i¼1

2

wij j2 � 2c
X
i¼1

2 Z T

0

wij j2dt: ð21Þ

We finally deduce from Gronwall’s lemma,

X
i¼1

2

wij j2 �
X
i¼1

2

wið0Þj j2 expð2cT Þ; 8t 2 ð0; T Þ:

Thus, we deduce that ui = vi.
Thus the solution is unique. The continuity of the the

mapping ðu1;u2Þ ! ðu1ðtÞ; u2ðtÞÞ can be obtained similarly.

Remark 3.5 From Theorem 3.2, the solution of system (2)
generates a semigroup SðtÞf gt�0 in L2(X) · L2(X).

Remark 3.6 If we assume that fi(x, s1, s2) = gi(x, s1, s2) �
hi(x, si) where hi : �� R! R is Carathéodory mapping and
that there exist positive constants Lj, cj, mj, Cj such that:

(i) ðhiðx; aÞ � hiðx; bÞÞða� bÞ � �Li a� bj j2 for any
x 2 X and a; b 2 R; i ¼ 1; 2ð Þ:

(ii) ci sj jaiðxÞ � mi � hiðx; sÞs � Ci sj jaiðxÞ þ mi for any x 2 X

and a; b 2 R; where aiðxÞ 2 CðXÞ; with 2 � a�i � aþi
\1 and giðx; s1; s2Þ 2 C1ðX� R� RÞ; i ¼ ð1; 2Þ:

where aiðxÞ 2 CðXÞ; with 2 � a�i � aþi <1; i ¼ ð1; 2Þ and

giðx; s1; s2Þ 2 C1ðX� R� RÞ:
By the same argument as that in [12, 32], One can show in

the same way that the semigroup S tð Þf gt�0 associated with

system (2) admits an absorbing set in
Q2
i¼1

W 1;pi xð Þ
0 Xð Þ

�

\ Lai xð Þ Xð ÞÞ; there is a bounded set B0 �
Q2
i¼1

W 1;pi xð Þ
0 Xð Þ

�

\ Lai xð Þ Xð ÞÞ such that, for any bounded set B in L2(X) · L2(X),
there exists a T

0

> 0 such that SðtÞB � B0 for any t � T0.
Where T0 depends only on B.

4 Blow-up of solutions

In this section, we shall investigate the blow-up properties
of solutions to system (2) using energy methods. To this end,
we consider the following hypotheses on the data.

(H4) ui 2 W 1;pð:Þ
0 ðXÞ \ Lpð:ÞðXÞ such that:

Z

X
F ðu1ðxÞ;u2ðxÞÞdx�

X2

i¼1

Z

X

1

piðxÞ
ruij jpiðxÞdx � 0:

(H5) fiðx; u1; u2Þ ¼
oH
oui
ðu1; u2Þ and H is such that:

X2

i¼1

uij ja � aH u1; u2ð Þ �
X2

i¼1

ui
oF
oui

; a > maxðpþ2 ; 2Þ:

Throughout this section, we define for t � 0
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EðtÞ ¼
X2

i¼1

Z

X

1

piðxÞ
ruiðx; tÞj jpiðxÞdx

�
Z

X
Hðu1ðx; tÞ; u2ðx; tÞÞdx

Theorem 4.1 Let (H1)–(H5) be satisfied, then the solutions
of system (2) blow up in finite time, namely, there exists a
T* < 1 such that juið:; tÞj jj1;X !1 as t ! T*.

Proof. We define EðtÞ ¼
P2

i¼1

R
X

1
piðxÞ
ruij jpiðxÞdx

�
R

X Hðu1ðx; tÞ; u2ðx; tÞÞdx.

Multiplying the first equation of (2) by
ou1

ot
, the second by

ou2

ot
, integrating by parts, we have

E0 tð Þ¼ d

dt

X2

i¼1

Z
X

1

pi xð Þ ruij jpi xð Þdx�
Z

X
H u1 x; tð Þ; u2 x; tð Þð Þdx

( )

¼ �
X2

i¼1

Z
X

ai xð Þ oui

ot

� �2

dx � 0;

ð22Þ
which implies that E(t) � E(0).

Next define gðtÞ ¼ 1
2

P2

i¼1

R
X aiðxÞu2

i dx:

Multiplying the first equation of (2) by u1, the second by
u2, integrating by parts, we have

g0 tð Þ ¼
X2

i¼1

Z

X
ai xð Þui

oui

ot
dx

¼ �
X2

i¼1

Z

X

1

pi xð Þ ruij jpi xð Þdx þ
X2

i¼1

Z

X
ui

oH
oui

dx

¼ �
X2

i¼1

Z

X
pi xð Þ 1

pi xð Þ ruij jpi xð Þdxþ
X2

i¼1

Z

X
ui

oH
oui

dx

� �
X2

i¼1

pþi

Z

X

1

pi xð Þ ruij jpi xð Þdxþ
X2

i¼1

Z

X
ui

oH
oui

dx

� �pþ2 E tð Þ þ
Z

X
H u1 x; tð Þ; u2 x; tð Þð Þdx

� �

þ
X2

i¼1

Z
X

ui
oH
oui

dx

�
X2

i¼1

Z

X
ui

oH
oui

dx� pþ2

Z

X
H u1 x; tð Þ; u2 x; tð Þð Þdx

� a� pþ2
a

� �X2

i¼1

Z

X
uij jadx: ð23Þ

By using Hölder’s inequality, we have

1

2

Z

X
ai xð Þu2

i dx � c0
1

2

� �
Xj j

a�2
2

Z

X
uij jadx

� �2
a

; ð24Þ

where c0 ¼ max ja1j jj1; ja2j jj1
	 


:

By the formula aþb
2

	 
b � ab þ bb; 8a; b > 0;b > 1; we
have by combining (23), (24)

g0 tð Þ � kg
a
2 tð Þ;

where k ¼ 1

c0

� �2
a

ð1� pþ2
a
Þ Xj j

2�a
2 > 0:

A direct integration of the above inequality over (0, t) then
yields

g
a
2�1ðtÞ � 1

g1�a
2ð0Þ � k a

2� 1
	 


t
;

which implies that g(t) bows up at a finite time

T � � g1�a
2ð0Þ= k

a
2
� 1

� �� �
; and so does ui.

5 Asymptotic behaviour

This section is devoted to the asymptotic behaviour of solu-
tions. In order to prove the asymptotic behaviour, we assume

(H6)
P
i¼1

2

fiðx; u1; u2Þui � 0:

Theorem 5.1 The weak solution u = (u1(t), u2(t)) obtained

in Theorem 3.2, satifies:
R

X u1ðx; tÞj j2dxþ
R

X u2ðx; tÞj j2dx
� C1

C2tþC3ð Þa ; where Ci > 0 (i = 1, 2, 3), a ¼ 2
b�2 ; b ¼ p�1 or

pþ2 or p�2 .

Proof. Let ui be solution of (2).
Multiplying the first equation in (2) by u1 and integrating

over QT,

1

2

d

dt

Z

X
a1 xð Þ u1j j2dxþ

Z

X
ru1j jp1 xð Þdx

¼
Z T

0

Z

X
f1 x; u1; u2ð Þu1dx: ð25Þ

Multiplying the second equation in (2) by u2 and integrat-
ing over QT,

1

2

d

dt

Z

X
a2 xð Þ u2j j2dxþ

Z

X
ru2j jp2 xð Þdx

¼
Z T

0

Z

X
f2 x; u1; u2ð Þu2dx: ð26Þ

Summing up (25) and (26), we have from hypothesis (H5)
that

1

2

d

dt

Z

X
a1 xð Þ u1j j2dxþ 1

2

d

dt

Z

X
a2 xð Þ u2j j2dx

þ
Z

X
ru1j jp1 xð Þdxþ

Z
X
ru2j jp2 xð Þdx � 0: ð27Þ

By ui 2 W 1;piðxÞ
0 ðXÞ; using Poincaré’s inequality, we obtain

juij jj2L2 � c jruij jj2L2 � c jru1j jj2pi xð Þ: ð28Þ

If ru1j jp1ðxÞ > 1 and ru2j jp2ðxÞ > 1; by Proposition 2.2,
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ru1j jp
�
1

p1 xð Þ �
Z

X
ru1j jp1 xð Þdx and

ru2j jp
�
2

p2 xð Þ �
Z

X
ru2j jp2 xð Þdx: ð29Þ

According to the assumption that p1(x) � p2(x), Then
2 < p�1 � pþ1 � p�2 � pþ2 :

Hence, we get from (28) that

1

2

d
dt

Z

X
a1 xð Þ u1j j2dxþ 1

2

d

dt

Z

X
a2 xð Þ u2j j2dx

þC1

Z

X
u1j j2dx

� �p�
2

þ C2

Z

X
u2j j2dx

� �p�
2

� 0; a:e; t � 0:

ð30Þ

By the formula aþb
2

	 
a � aa þ ba; 8a; b > 0; a > 1; we
have

1

2

Z

X
u1j j2dxþ u2j j2
� �

dx
� �p�

2

� C
Z

X
ru1j jp1 xð Þdx

� �p�
2

þ
Z

X
ru2j jp2 xð Þdx

� �p�
2

; ð31Þ

this implies that

1

2

d

dt

Z
X

u1j j2dxþ 1

2

d

dt

Z
X

u2j j2dx

þ C3

Z

X
u1j j2dxþ u2j j2

�
dx
�p�

2

� 0; a:e; t � 0;

" 
ð32Þ

where C3 = min(C1, C2).
Denote

hðtÞ ¼
Z

X
u1j j2dxþ u2j j2
� �

dx:

Then, we obtain from (32) and (H2) that

h
0 ðtÞ þ ChðtÞ

P�
2 � 0: ð33Þ

If ru1j jp1ðxÞ < 1 and ru2j jp2ðxÞ < 1; by Proposition 2.2,

ru1j jp
þ
1

p1ðxÞ
�
Z

X
ru1j jp1ðxÞdx and ru2j jp

þ
2

p2ðxÞ
�
Z

X
ru2j jp2ðxÞ;

Then we get from (28) that

1

2

d

dt

Z
X

a1 xð Þ u1j j2dxþ 1

2

d

dt

Z
X

a2 xð Þ u2j j2dx

þC1

Z
X

u1j j2dx
� �pþ

2
2

þ C2

Z
X

u2j j2dx
� �pþ

2
2

� 0; a:e; t � 0:

ð34Þ

That is

1

2

d

dt

Z
X

a1 xð Þ u1j j2dxþ 1

2

d

dt

Z
X

a2 xð Þ u2j j2dx

þC3

Z

X
u1j j2dxþ u2j j2
� �

dx
� �pþ

2
2

� 0; a:e; t � 0: ð35Þ

Again we have

h
0 ðtÞ þ ChðtÞ

pþ
2
2 � 0:

Similarly, if ru1j jp1ðxÞ > 1 and ru2j jp2ðxÞ < 1; or

ru1j jp1ðxÞ < 1 and ru2j jp2ðxÞ > 1; we can also obtain the

similar results

h0ðtÞ þ ChðtÞ
pþ

1
2 � 0; or h0ðtÞ þ ChðtÞ

p�
2
2 � 0

Hence Z

X
u1j j2dxþ u2j j2
� �

dx � C1

C2t þ C3ð Þa ;

a ¼ 2

b� 2
; b ¼ p�1 or pþ2 or p�2 ;Ci > 0; i ¼ 1; 2; 3:

The proof is complete.
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