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Abstract – The solidiﬁcation of the singular CdZnTe in axisymetric Vertical Bridgman (VB) cavity is investigated in
the current study. The numerical approach is developed by using COMSOL Multiphysics software, which is based on
ﬁnite elements method (FEM) with Arbitrary Lagrangian-Euleurian (ALE) formulation allowing treating the moving
interface. Numerical aspects of different parameters that affect the solidiﬁcation interface and present an important factor during the crystal growth’s process are presented and analyzed. Especial attention will be paid to investigate the
thermophysical properties such as thermal diffusivity, heat capacity. Thermal conductivity and the effect of thermal
condition specially the effect of cold temperature Tc which affects signiﬁcantly the concavity and the convexity of
the interface for speciﬁc ranges in the solidiﬁcation of CdZnTe phenomena, but it is of great importance the crystal
growth experts are not it given importance. It has been shown that this properties, the effect of Tc, and the variation
of interface velocity affect the solid/liquid interface shape and the crystal growth process.
Key words: CdZnTe solidiﬁcation, Axisymetric Bridgman Vertical (BV), ALE formulation.

1 Introduction
The vertical Bridgman method for crystal growth from the
melt was ﬁrstly developed in 1925. Nowadays, it is the most
useful technique for the growth of crystals. This technique is
explained in Figure 1. Its perfections to control temperature gradients and to provide provides pure crystals of large sizes by
allowing testing the boundary conditions of mass and heat
transfer. Hence, such technique is widely utilized in order to
produce II–VI compound semiconductor crystals. Their industrial applications are mostly concentrated in detectors and solar
cell production ﬁelds. Among these semiconductors, the
Cadmium zinc telluride (CdZnTe) is considered as one of the
most important and promising applied materials for room-temperature c and X-ray spectroscopy. Despite the fact that great
efforts have been made to produce high quality of CdZnTe
dominated by the Bridgman method, its production still suffers
from small device size and low quality.
The solid-liquid interface shape is specially determined by
heat transfer in melt crystal growth process. The search focus
in heat transfer during Bridgman growth are presented in references [1–5], these others studied the factors affecting the shape
*e-mail: hanene.jamai@etu.unilim.fr

of the liquid-solid interface, such as the such as the thermal conductivities of the crystal, melt, and ampoule, simple furnace
characteristics and latent heat generation. In particular,
Adornato and Brown [6] examined the effect of furnace proﬁles
and ampoule materials on interface shape and satisfactorily
compared their results to experiments of Wang et al. [7].
Jasinski and Witt [8, 9] clariﬁed notable insights on how
interface shape may be controlled in Bridgman processes and
considered the growth of CdTe as an example system.
In the aim of better understanding the solidiﬁcation phenomenon and solving the physical problem during the crystal
growth, researchers have chosen to test them by implementing
a number of different numerical methods that can predict both
the shape and position of the phase change front that are compatible with the governing conservation equations in each phase
[10]. For instance, one of the most used methods is the front
tracking approach which solves weak formulations of these
equations by interface tracking by remeshing both states at
every temporal step [11]. However, it is known that such
method is not appropriate to study solidiﬁcation process of
alloys that undergo a frequent ‘‘mushy region’’ instead of sharp
interface. Furthermore, another used method is the enthalpy
method which is an approach that ﬁxes the energy equation
by using coordinates transformation. On another hand, the
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Figure 1. System. (a) Vertical Bridgman, (b) design domain, and (c) isotherms proﬁle.

Table 1. Physical properties of CdZnTe.
Property
Conductivity, W/(K m)

Speciﬁc heat Cp, J/(Kg K)
Heat of fusion DH, J/Kg
Expansion coefﬁcient
Melting point Tm, K
Density Kg/m3

Temperature
500 K < T < 1200 K
1200 K < T < 1364 K
T > 1364 K
298 K < T < 1600 K
209 000
T > 525 K
1364
–

(a)

Polynomial
5.337  2.263 · 103 T
 38.31 + 6.78 · 102 T  2.811 · 105 T2
9.987  5.676 · 103 T
177.8 + 1.663 · 101 T 6.607 · 105 T2 + 1.703 · 108 T3
209 000
6.3629 · 106
–
5680

(b)

Figure 2. Comparison between experimental data obtained by Sen et al. [18] (a) and our numerical results (b) in terms of the interface growth
of CdZnTe.

interface position is recovered a posteriori [11] and an extension
of such a front ﬁxing approach has been proposed in literature
in order to introduce and predict the convection phenomenon
within the two mushy region phases [12–14]. El Ganaoui
et al. [15–17] improved this method by implementing a timedependent enthalpy-porosity formulation for directional solidiﬁcation, in which the energy equation is introduced by using the

enthalpy variable computing implicitly the thermal Stefan condition at the interface with an implicit procedure.
The current work uses COMSOL Multi-physics software,
to simulate solidiﬁcation in Bridgman Vertical (BV) conﬁguration during CdZnTe, which is an II–VI compound crystal
growth. To the best knowledge of the authors, it seems that thermophysical properties such as thermal diffusivity, heat capacity,
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Figure 3. Thermal diffusivity, Speciﬁc heat and Thermal conductivity of CdZnTe relatively to the solid domain (a) and the liquid one (b),
respectively for ﬁxed parameters Tc = 1200 K, Tm = 1364 K, and Th = 1400 K.
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(a) Thermal profile

(b) Interface profile

Figure 4. Vizualisation of temperature ﬁeld, and the spatial and temporal variations of the interface evolution in both solid and liquid domains.

Figure 5. Temporal variation relative to the temperature at the
interface for Th = 1400 K, Tc = 1200 K, and Tm = 1364 K.

Figure 6. Inﬂuence of thermal conductivity ratio K = Kl/Ks on the
interface shape for Tc = 1200 K, Th = 1400 K, and Tm = 1364 K.

and thermal conductivity have not been well investigated. In
fact, these thermophysical properties have important factors in
the Stefan equation and therefore have an effect on the solidiﬁcation, interface of CdZnTe. It is worth mentioning that both
governing parameters the temperature of the solid domain is
not well studied in literature and the growth rate phenomena
still need better understanding and we propose to address such
issue in the present work.
From this point of view, the main idea of the current investigation is to control the shape interface, in solidiﬁcation process. In particular, we will focus on the various parameters
that affect the concavity and convexity of the interface that
are also an important factor in crystal growth, namely, the thermal conductivity, temperature of the solid domain, and growth
rate.

2 Materials and methods
2.1 Physical properties of the materials
The physical properties of CdZnTe are listed in Table 1
[18, 19]. It should be noted that these properties depend on
the given temperature, and they are in accordance with the
thermal boundary conditions, for each domains.
2.2 Physics model

The Bridgman crystal system is schematically displayed in
Figure 1a. The furnace uses a tapered heating element to establish a linear temperature proﬁle Figure 1b. The ampoule is
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(a) Vint=0

(b) Vinter= stefan equation

(d) Vint=10-7

(e) Vint=10-8

(c) Vint=10-6

(f) Vint=10-10

Figure 7. Temporal and spatial variations of isovalues relative to the interface velocity.

We can assume that this problem can be considered as a two
dimensional axis-symmetry one, the temperature ﬁeld, the
Stefan equations are expressed in the cylindrical coordinates
system.
The energy equations for the melt and the crystal given by:

Figure 8. Effect of the interface velocity on the interface shape for
Tc = 1200 K, Th = 1400 K, and Tm = 1364 K.

rðK l rT l Þ  qCpl

@T l
¼ 0;
@t

ð1Þ

rðK s rT s Þ  qCps

@T s
¼ 0:
@t

ð2Þ

The shape of the solid-liquid interface is a compulsory controlling factor that allows producing a single crystal in vertical
Bridgman enclosure. This interface shape is predicted by heat
transfer and primarily by the direction of the heat ﬂux near
the interface.
This interface is governed by the Stefan’s equation
expressed as:
ðK s rT s Þ  n  ðK l rT l Þ  n ¼ qHV int :

axially positioned at the center of the growth furnace. During
the process, the cylindrical ampoule containing the material in
the solid and liquid phase is ﬁxed at the constant rate Vt = 0.
Because of the symmetry of the system, the right half of
Figure 1c is taken as the calculation domain only supposed.
There is only heat conduction between the melt and crystal.

ð3Þ

The aforementioned parameters in the above equations Ks,
Kl, q, Cpl, and Cps are the thermal conductivities, the density,
speciﬁcs heats, in solid (denoted by s) and liquid (denoted
by l), respectively. Here, DH expresses the latent heat and Vint
denoted the velocity at the interface.
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Tc = 1200

Tc = 1224

T = 1244

T = 1264

Tc = 1284

Tc = 1324

Tc = 1344

Tc = 1354

Figure 9. Isotherm patterns with respect to different values of the cold temperature Tc for Th = 1400 K and Tm = 1364 K.

The boundaries conditions corresponding to the temperature
ﬁeld are as follows: the left and right boundaries are kept adiabatic while the upper, the lower, and the interface position
are maintained at Th = 1400 K, Tc = 1200, and Tm = 1364 K,
respectively.

validation has been deﬁned and conducted. It refers to available
experimental results with considering shaped solid/liquid
interface.
3.1 Test code validation

3 Numerical tools
For solving the mathematical model industrial software has
been used, namely COMSOL which essentially integrated
MATLAB which includes mathematics and computation; data
acquisition; modeling, algorithm development; simulation,
and prototyping; data analysis, exploration, and visualization.
On another hand, the MATLAB language is particularly well
suited to designing predictive mathematical models and developing speciﬁc algorithms [20, 21]. Where, these algorithms
contain operations for linear algebra, partial differential, matrix
manipulation, or differential equation solving, data analysis and
statistics.
First results concerned the validation of the computational
approach versus the mathematical model. For that a test

The validation herein concerns the physical problem of
CdZnTe solidiﬁcation in Vertical Bridgman (BV). In fact, the
choice of this conﬁguration is based on the experimental
data [22–24] for CdZnTe crystal growth: R = 0.0375 m,
L = 0.20 m, the temperature of the Bridgman furnace the upper
of them being at a higher temperature than the melting point
while the lower one is below the melting point. Thus, the system is cooled from below, and the solidiﬁcation process begins
from the bottom of the ampoule.
We noticed the same shape interface between our numerical
computations (Figure 2b) and experimental ones (Figure 2a) in
which the authors [18] presented the half of longitudinal section
of grown ingot of CdZnTe. In fact, they mentioned, that the
interface shape at the end of growth is concave toward the crystal, with interface bending of 3 mm Figure 2a. The same results
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Figure 10. Effect of the cold temperature on the interface shape
at ﬁxed parameter values Tc = 1200 K, Th = 1400 K, and
Tm = 1364 K.

are shown numerically Figure 2b and a good agreement is
observed with those obtained by Sen et al. [18]. In fact, the
same results are revealed by the current simulation in which
the shape interface is concaved and the progress rate is found
to be around 3 mm in 9 h.

4 Results and discussion
Our results concerned the solidiﬁcation process of CdZnTe
in the Vertical Bridgman (VB) conﬁguration. In fact, we will
present the different parameters which affect the solidiﬁcation
of CdZnTe, with the aid of numerical simulations.
As aforementioned, one of the main ideas of our investigation is to present a general study of different parameters that
affect the quality of the single CdZnTe crystal. Especially, we
will give a great importance to study the thermo-physical properties of CdZnTe in each domain (solid or liquid) such as the
thermal diffusivity a, the speciﬁc heat Cp (at constant pressure),
and the thermal conductivity, that all depend on the temperature
and which are measured for both solid and liquid CdZnTe. In
addition, thermal diffusivity is an important factor in the current
investigation. In fact, not only it offers a convenient and accurate method of determining the thermal conductivity (k), but
also it is a crucial parameter in the conduction equation which
governs heat transfer during crystal growth [18]. In addition,
these parameters have a great impact on the Stefan equation that
interferes in the solidiﬁcation interface process.
In fact, as shown in Figures 3a and 3b illustrating the proﬁle
of thermal diffusivity in both solid and liquid domains, we note
that this diffusivity increases for temperature in the solid
domain while it decreases with temperature in the liquid state.
Indeed, one can note that the diffusivity goes through a sharp
minimum in the region of melting point; the value in the liquid
is higher than that in the solid just before the onset of melting.
The same results are showed by Sen et al. [18], who treated the
inﬂuence of thermal diffusivity for CdTe and Cd0.96Zn0.04Te.
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However, their results are signiﬁcantly different from those
reported by Marina et al. [22] who claimed that thermal diffusivity increased sharply above the liquid temperature for
Hg1 – x CdxTe.
In the same context, we study the shape of the heat capacity
shown in Figures 3c and 3d in both the solid and liquid domain.
Besides, as shown in Figure 3a, the heat capacity is observed to
be progressively augmented in the solid domain until reaching a
maximum of temperature, precisely at the value Tc = 1260 K.
Consequently, by approaching the melting temperature, the proﬁle of thermal capacity undergoes a decreasing trend until
reaching a constant value in the liquid domain Figure 3b.
Similarly, we propose now to study the thermal conductivity and its inﬂuence on the interface shape and position as determined, in this case. In fact, we observed that the proﬁle of
thermal conductivity Figures 3e and 3f is similar to that relative
to thermal diffusivity in both solid and liquid domain as
revealed in Figures 3a and 3b. This makes good sense because
thermal conductivity is proportional to thermal diffusivity
which expression is deﬁned by a = k/qCp. In fact, it was found
that the proﬁle of solid thermal conductivity Ks is more
enhanced compared to Kl in liquid state.
Figure 4a shows the temperature according to the solidiﬁcation of CdZnTe along the both liquid-solid state plotted as function of axial coordinate, where z = 0.01 m denotes the
bottom tip of solid domain, and z = 0.20 m corresponds to both
liquid and liquid states. This thermal proﬁle is based on two linear segments designed to yield a gradient in the melt and a steeper cooling rate in the crystal [25]. And, the visualization of
interface evolution denoted by the Figure 4b, proved that is
increased with increasing time.
Figure 5 shows the interface temperature parameter as function of time. In fact, as note that after the initial transient, the
temperature presented a peak which decreases steadily until a
mild increase near the end of the run. The decreasing peak temperature coincides with decreasing melt height and volume as
growth occurs. It is worth mentioning that similar results have
been revealed by Cerny et al. [26], which mentioned that the
time development of interface temperatures reveals well the
establishment of the pseudo-steady regime of crystal growth
after 15 h, and by Zang et al. [27] in the problem of solidiﬁcation of CdZnTe crystal growth from the melt.
Thereafter, we will present the effect of the thermal conductivities ratio deﬁned by K in the shape interface. We found that
it is of great importance, because it changes not only the sign of
curvature and consequently the concavity and the convexity of
the interface shape, but also the curvature magnitude. Therefore, it was argued that for Th = 1400 K, Tc = 1200 K and
Tm = 1364 K, the parameter K ensures the achievement of a
convex interface when it is less than 1.1 and over which the
interface becomes concave Figure 6. Therefore, it is to conclude
that the conductivity ratio is of great importance in the CdZnTe
solidiﬁcation because it helps controlling the process of crystal
growth.
Among the problems encountered in numerical simulation
is the interface computation. These problems are generally
called Stefan problems (Eq. (3)) that connects the axial temperature gradient in the liquid and the solid domain by the velocity
growth. In fact, we devote this section to study the evolution of
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velocity interface for different values taken in the solidiﬁcation
of CdZnTe. The main issue in this section is to give a better
visualization of the velocity growth and surface evolution
which will allow to better understand the phenomenon of
growth, especially the evolution and of the interface shape
Figure 7 of great interest in this portion is to vary the velocity
interface while keeping the speed of the bulb at zero, in other
words the bulb is held ﬁxed. The velocity proﬁle depicted in
Figure 7 demonstrates that the velocity value determined by
the Stefan equation is strengthened compared to that computed
during the growth of CdZnTe especially in the solidiﬁcation of
the material. This value is seen to be nearly 105 m/s given by
COMSOL after resolution and compilation of the Stefan equation while respecting the requirement for thermal boundary conditions s in both liquid and solid areas.
It was also noted that the decrease of the interface velocity
from 105 to 1010 m/s has a great effect on the evolution and
the interface shape which becomes progressively weakened in
Figure 8. Therefore one can conclude that the velocity variation
is an important factor in the industrialization of crystal growth.
In this part we attempt to focus on predicting the effect of
the variation of cold temperature Tc on the isotherms in the
liquid state which they are affected by the advancement of
the shape interface and consequently the concavity and the convexity magnitude. In fact, as we mentioned before in the introduction, although this factor is also important in the
understanding of crystal growth industrialization, it has not
been well investigated until now. As revealed from Figure 9,
we can mention that the variation of Tc affects the concavity and the convexity of the interface. In fact, for
Tc 2 [1200 K  1264 K], the interface remains concave while
it becomes convex for Tc 2 [1265  1354 K] especially, when
the cold temperature reaches the value Tc = 1265 k according
to the ﬁxed values Th = 1400 K, Tm = 1364 K, and
R = 0.037. However, by increasing Tc over the value 1354 K,
the problem is seen to diverge because the temperature
approaches the speciﬁc value of Tm.
We can ﬁnally conclude that the variation of Tc is of great
importance such as the thermal conductivities ratios and the
velocity interface variation, and this parameter can help to solve
some problems encountered during the growth of CdZnTe,
especially the problem of the concavity and convexity of the
interface shape which affects the quality of crystal growth.
Do not forget also that the purpose of any study is to solve
the problems not only in the semiconductor factory, but also to
obtain crystals of good qualities. Investigations must help to
choose the value of the cold temperature which allow operators
to obtain a concave or convex interface
In the same as mentioned in Figure 10 the variation of axial
coordinate with radial coordinate for different values of cold
temperature which reveals the same interpretation proved in
Figure 9.
Our numerical ﬁndings may contribute in controlling the
parameters for the growth process, and it represents a strong
support to resolve difﬁculties for experimentalists.

5 Conclusion
In the current investigation, solidiﬁcation of the singular
CdZnTe in axisymetric Vertical Bridgman (VB) cavity is studied.
All numerical computations are obtained using COMSOL Multiphysics software, which is based on ﬁnite elements method
(FEM) with ALE (Arbitrary Lagrangian-Euleurian) formulation
allowing treating the interface displacement. The visualization of
temperature ﬁelds in terms of isotherms and spatial and temporal
proﬁles and according to the solidiﬁcation of CdZnTe is presented and discussed with the help of COMSOL to provide a better understanding of phase change. Especial attention has been
attributed to study the thermo-physical properties of CdZnTe
in each domain (solid or liquid) such as the thermal diffusivity
a, the speciﬁc heat Cp (at constant pressure), and the thermal conductivity, which are measured for both solid and liquid CdZnTe.
In this context, it is found that iso-surfaces of thermal diffusivity
in both solid and liquid domains show that diffusivity increases
for temperature in the solid domain while it is lowered with temperature in the liquid state. Furthermore, the diffusivity goes
through a sharp minimum in the region of melting point and
the value in the liquid is higher than that in the solid just before
the onset of melting. In addition, the heat capacity is observed to
progressively augment in the solid domain until reaching a maximum of temperature, at exactly the value Tc = 1260 K. On
another hand, it is found that the variation of Tc affects the concavity and the convexity of the interface. In fact, it is seen that
for speciﬁc interval of Tc the interface remains concave while it
becomes convex for another one. Concerning the effect of the
interface velocity variation, it is found that the decrease of the
interface velocity from 105 to 1010 m/s has a great inﬂuence
on the evolution and the interface shape which becomes progressively weakened. In this vein, analysis of the results shows that
the velocity variation is seen to be an important factor in the
industrialization of crystal growth.
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