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Abstract – This paper addresses the problem of determining the minimum clamping forces that ensure the dynamic
ﬁxturing stability. The clamping force optimization problem is formulated as a bi-level nonlinear programming problem and solved using a computational intelligence technique called particle swarm optimization (PSO). Indeed, we
present an innovative simulation methodology that is able to study the effects of ﬁxture-workpiece system dynamics
and the continuously change due to material removal on ﬁxturing stability and the minimum required clamping forces
during machining. The dynamic behaviour of the ﬁxtured workpiece subjected to time-and space-varying machining
loads is simulated using a forced vibration model based on the regenerative vibrations of the cutter and workpiece excited by the dynamic cutting forces. Indeed, Material removal signiﬁcantly affects the ﬁxture-workpiece system dynamics and subsequently the minimum clamping forces required for achieving ﬁxturing dynamic stability.
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1 Introduction
In reality, machining processes such as milling are characterized by periodic forces. When the cutting frequency is near
one of the natural frequencies of the ﬁxture-workpiece system,
consideration of dynamic effects in ﬁxturing analysis is crucial.
Therefore, the workpiece must remain stable in the ﬁxture during machining in order to achieve operational safety and desired
machining accuracy. In general, ﬁxturing stability refers to the
ability of the ﬁxture to fully restrain the workpiece during the
entire cutting process. As such, loss of contact and gross sliding
during machining are considered to be indicators of an unstable
workpiece and an inappropriate ﬁxture design. These instabilities should be eliminated through correct design of the ﬁxture
and appropriate clamped forces.
This paper presents a dynamic model that study the effects
of ﬁxture-workpiece system dynamics and the continuously
change due to material removal on ﬁxturing stability and the
minimum required clamping forces during machining. However, the majority of prior work treats the ﬁxture-workpiece system as quasi-static and ignores the system dynamics. For
example, De Meter et al. [1] considered the system deformation
to be static for both clamping and machining and developed a
linear programming (LP) model to compute the minimum

required clamp pre-loads to prevent workpiece slip at the ﬁxture-workpiece contacts during machining. Kang et al. [2]
found the minimum clamping forces with the help of a contact
stability index sensitivity matrix that is essentially a variation of
the friction cone concept. Meyer and Liou [3] also developed an
LP model in which the machining loads were varying and discretized over time but the system dynamics was ignored. Goals
other than ﬁxturing stability can be achieved through clamping
force optimization. Hurtado and Melkote [4] formulated a
multi-objective optimization model that found the minimum
clamping loads to achieve workpiece shape conformability
and ﬁxture stiffness goals for a workpiece subjected to quasistatic machining forces. Chen et al. [5] presented a deformation
control approach based on ﬁxture layout design and clamping
force optimization. In his approach, workpiece deformation
measured accounting for chip removal effect, but the model
contact is modelled by a linear spring based on Hertz contact
theory. Zheng et al. [6, 7] presented a study of ﬁxture stiffness.
In ﬁrst time Zheng et al. [6] developed a systematic FEA model
to predict the ﬁxture unit stiffness. In his model the contact
problem is based on the penalty function method. In second
time Zheng et al. [7] extended their study by an experimental
study to identify the contact stiffness parameter. The normal
and tangential contact stiffness is estimated by static and
dynamic methods.
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Gui et al. [8] and Li and Melkote [9] examined the impact
of clamping forces on workpiece location accuracy. Vishnupriyan et al. [10] proposed a genetic algorithm (GA) for optimizing the machining ﬁxture layout for minimum machining error
satisfying the tolerance requirements. A number of researchers
(e.g., Wang et al. [11], Tao et al. [12], Liu and Strong [13]) proposed the idea of dynamic clamping because the minimum
clamping loads required to stabilize a workpiece are dependent
on the position of the cutting tool. They selected sampled toolpath points where the peak machining force was assumed to act
and the clamping forces were adjusted using static linear or
nonlinear optimization models.
Ignoring the material removal effect and thus the continuous
change of system geometry and inertia can, as shown later in this
paper, lead to erroneous the prediction of the required clamping
forces for ﬁxturing stability especially when a large percentage
of material is removed. Several researchers considered system
dynamics in their work. Mittal et al. [14] modelled a ﬁxtureworkpiece system using the dynamic analysis and design system
(DADS) software and modelled the ﬁxture-workpiece contact as
a lumped spring-damper-actuator element. Liao and Hu [15]
extended Mittal et al.’s work by including the workpiece compliance effect and contact friction through combined use of the
ﬁnite element (FE) method and DADS. In both studies, separation between the ﬁxture elements and the workpiece during
machining was checked for a given set of clamping forces, but
macro-slip was not considered. Li and Melkote [16] modelled
the change of the workpiece gravity during machining. Kaya
and Ozturk [17] applied an FE-based element death technique
to simulate the chip removal process for ﬁxture layout veriﬁcation. However, both papers treat the ﬁxture-workpiece system
as quasi-static. On the other hand, Deng and Melkote [18] developed a model capable to determine the minimum required
clamping forces for dynamically stable ﬁxturing. This developed
model takes account to the material removal effect and the ﬁxture-workpiece system dynamics on the ﬁxturing stability. But
they didn’t take account to the regenerative vibrations effect.
This paper addresses the problem of determining the minimum required clamping forces that ensure the ﬁxture-workpiece dynamic stability during machining. The determination
of the minimum required clamping forces takes account to
the material removal effect and the ﬁxture-workpiece system
dynamics on the ﬁxturing stability. The dynamic behaviour of
the ﬁxtured workpiece subjected to time-and space-varying
machining loads is simulated using a forced vibration model
based on the regenerative vibrations of the cutter and workpiece
excited by the dynamic cutting forces. The clamping force optimization problem is formulated as a bi-level nonlinear programming problem and solved using a computational intelligence
technique called particle swarm optimization (PSO). Through
a simulation example, insight into the effects of ﬁxture-workpiece system dynamics and its continuous change due to material removal on ﬁxturing stability and the minimum required
clamping forces is obtained.

2 Problem formulation and approach
This study focuses on machining workpieces surrounded by
L locators and C clamps as shown schematically in Figure 1.

Figure 1. An arbitrary machining ﬁxture-workpiece system [18].

Three coordinate systems are used to describe the position
and orientation of the workpiece (see Figure 1): global coordinate system (XYZ), workpiece coordinate system (xyz), which is
ﬁxed to the mass center of the workpiece with its coordinate
axes coinciding with the principal inertia axes of the initial
workpiece shape, and local coordinate system (xi yi zi), which
is ﬁxed at each ﬁxture-workpiece contact. Matrices are represented in the workpiece coordinate system (xyz) unless noted
otherwise. The workpiece undergoes dynamic and static motion
during clamping and machining, slip, and/or lift-off at the contact regions. From the standpoint of operational safety and
machining accuracy, lift-off and macro-slip at the ﬁxture-workpiece contacts during machining are undesirable because they
result in loss of total restraint of the workpiece in the ﬁxture.
To eliminate these two types of ﬁxturing instabilities, the
dynamic stability of the ﬁxtured workpiece during machining
must be properly assured. An important design variable is the
clamping forces applied to the workpiece prior to the cutting
operation. The clamping forces must be neither too large nor
too small to prevent excessive workpiece distortion or instability during machining.
Therefore, the problem is to optimize the clamping forces.
A procedure for checking the dynamic stability of the ﬁxtured
workpiece during machining needs to be established ﬁrst. This
procedure consists of a dynamic model for simulating the vibratory behaviour of the ﬁxtured workpiece subjected periodic
machining loads and computing the dynamic displacements at
the ﬁxture-workpiece contacts due to machining, and a static
model for calculating the static deformation at the ﬁxture-workpiece contacts due to clamping. In order to produce more accurate machining dynamics models for predicting the dynamic
behaviour of the ﬁxture-workpiece system, a developed FEM
method are used and the continuous change of the system
geometry and inertia during machining due to the material
removal effect, must be taken account. Based on the stability
check procedure, an optimization model (detailed by Figure 2)
is formulated to search for the minimum set of clamping forces
needed to stabilize the workpiece dynamics generated by the
machining operation.
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Figure 2. Procedure for optimization of the clamping forces.

2.1 Dynamic modelling

A multi-tooth machining operation such as milling is characterized by periodic cutting forces whose frequency of variation
equals the tooth passing frequency. Therefore, the ﬁxture-workpiece system is subjected to forced vibration caused by the
dynamic cutting forces. When the excitation frequency is near
the natural frequency of the ﬁxture-workpiece system, the workpiece undergoes large motion that cannot be correctly predicted
by a quasi-static analysis. Therefore, a dynamic model that is
capable of predicting the vibrational behaviour of the ﬁxtureworkpiece system during cutting is required to analyze the ﬁxturing stability in high-speed machining.
The regenerative chatter vibration often takes place in a
milling process. In peripheral milling, due to the periodically
interrupted cutting process, the dynamic cutting force oscillates
periodically and excites vibrations between the cutter and
workpiece.

A machining dynamics model is presented in this paper
based on the regenerative vibrations of the cutter and workpiece
excited by the dynamic cutting forces.
2.1.1 Assumptions

This developed procedure presented by Figure 2 is based on
the following assumptions:
d
d
d

d

d
d

The Hertzian model holds for all contacts.
Coulomb friction is present at all contacts.
The coupling between the vibration of the tool and the
workpiece is done by the cutting force in a node.
The materials of workpiece, the ﬁxtures and the clamps
are considered perfectly elastic and isotropic.
All deformations are linearly elastic and small.
The thermal error effects are considered negligible.
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The spindle model is simpliﬁed as a second-order springdamper vibratory system.

2.1.2 Workpiece model

A workpiece FEM is established. The FEM is composed of
parallelepiped elements with eight nodes and three degrees of
freedom per node. In order to integrate the workpiece model
to the spindle-tool set model at the interaction point representative of milling interaction, the dynamic equations of the part
have to be established. Refer to [21], dynamic equations are
obtained using Lagrange formulation associated with a ﬁnite
element method:

2.2 Dynamic cutting force model

A dynamic cutting force model of peripheral milling has
been developed [22] and its brief mathematical formulation
related to this paper is summarized in this section. The cutting
forces excite vibrations of the cutter and workpiece simultaneously in the normal (X) and feed (Y) directions, causing
dynamic displacements xc, yc and xw, yw of the cutter and workpiece, respectively. Therefore, the dynamic displacements are
carried to the undeformed chip thickness direction v with the
coordinate transformation as follows [24, 25]:
mic ¼ xc cosðui Þ  y c sinðui Þ
miw ¼ xw cosðui Þ  y w sinðui Þ

ð3Þ

:

ð1Þ

Based on the cutting force model proposed by the authors
[22, 23], for down milling the total cutting force applied on
the ith tooth of the cutter is given by:

The damping model used draws on Rayleigh viscous equivalent damping, which makes it possible to regard the damping
matrix Cw as a linear combination of the mass matrix Mw, the
spindle rigidity matrix Kw.

8
F ix  K 0S ft aixy  K 0S aixx ðxc  xw Þ  K 0S aixy ðy c  y w Þ
>
>
>
<
K 0S oti ðji Þaix
;
>
F iy  K 0S ft aiyy þ K 0S aiyx ðxc  xw Þ þ K 0S aiyy ðy c  y w Þ
>
>
:
þK 0S oti ðji Þaiy

½M w €
qwN þ ½C w q_ wN þ ½K w qwN ¼ F wc ðtÞ:

Where, qwN ¼ ½ x y z  2 R3 the motion vector;
2
3
0
0
mw ðtÞ
mw ðtÞ
½M w  ¼ 4 0
0 5 2 R33 is the inertia
0
0
mw ðtÞ
matrix;
2
3
0
0
C xw
½C w  ¼ 4 0 C yw
0 5 is Rayleigh viscous equivalent
0
0 C zw
damping; [Kw] is the intrinsic stiffness matrix of the workpiece;
8
9
< F X c=W ðtÞ =
F c=w ðtÞ ¼ F Y c=W ðtÞ 2 R3 is the vector of external cutting
:F
;
Z c=W ðtÞ
loads.
2.1.3 Spindle model

ð4Þ

where

K 0S

is the cutting force coefﬁcient [22, 23], and:
xc ¼ xc  xc ðT Þ; Dy c ¼ y c  y c ðT Þ;

ð5Þ

xw ¼ xw  xw ðT Þ; Dy w ¼ y w  y w ðT Þ;


je
1:8
aixx ¼ 0:5556ðsinðji ÞÞ þ 0:5c1 ji þ 0:25c1 sinð2ji Þ j ;
s

1:8 je
aixy ¼ 0:5ji  0:25 sinð2ji Þ þ 0:5556c1 ðsinðji ÞÞ j ;
s

ð6Þ
aiyx ¼ ½0:5ui þ 0:25 sinð2ui Þ  0:5c1 ui þ 0:25c1 sinð2ui Þuues ;

ue
1:8
aiyy ¼ 0:5556ðsinðui ÞÞ  0:5c1 ui þ 0:25c1 sinð2ui Þ u ;
s

ð7Þ

The spindle model is simpliﬁed as a second-order springdamper vibratory system. The dynamic motion equations are
obtained using Lagrange formulation.
½M c €
qc þ ½C c q_ c þ ½K c qc ¼ F w=c ðtÞ;
where,

2

qc ¼ ½ X

Y
3

Z  2 R3

motion


0:8 je
aix ¼  cosðji Þ þ 1:25c1 ðsinðji ÞÞ j ;
s

 je
0:8
aiy ¼ 1:25ðsinðji ÞÞ þ c1 cosðji Þ j ;

ð2Þ

ð8Þ

s

vector;

0
mc 0
½M c  ¼ 4 0 mc 0 5 2 R33 is the inertia matrix;
0
0 mc
2
3
0
C xc 0
½C c  ¼ 4 0 C yc 0 5; [Kc] is the intrinsic stiffness
0
0 C zc

Because 0  u  w; ui ¼ u  xtime þ ði  1Þð2p=mÞ
and 0  ui  X gives the extreme values of the parametric
angle ui as:
us ¼ maxð0; xtime þ ði  1Þð2p=mÞÞ
;
ue ¼ minðX; w  xtime þ ði  1Þð2p=mÞÞ


matrix of the spindle model.
The damping model used draws on Rayleigh viscous equivalent damping, which makes it possible to regard the damping
matrix Cc as a linear combination of the mass matrix Mc, the
spindle rigidity matrix Kc

F x ðtime Þ




¼

axx ðtime Þ axy ðtime Þ



xðtime Þ

ð9Þ


F y ðtime Þ
ayx ðtime Þ
ayy ðtime Þ
yðtime Þ
;




ax ðtime Þ
axy ðtime Þ
þ
ft þ
dti ðui Þ
ayy ðtime Þ
ay ðtime Þ
ð10Þ
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Figure 3. The mass-spring vibratory model of the coupled ‘‘spindle-workpiece-ﬁxture’’ system.

where
axx ¼ K 0s
ayy ¼

m
P

m
P

aixx ; axy ¼ K 0s aixy ;
i¼1
i¼1
m
m
P
P
0
0
K s aiyy ; ax ¼ K s aix ;
i¼1
i¼1

ayx ¼ K 0s
ay ¼ K 0s

m
P

aiyx

i¼1
m
P

: ð11Þ

aiy

i¼1

The regenerative dynamic displacements of the cutter and
workpiece can be expressed in the frequency domain as a product of the frequency domain as a product of the transfer function of the structure and the transfer function of the structure
and the dynamic cutting forces [24, 25],
#

Gcxx ðixÞ
0
F x ðixÞ
¼ ð1  e
Þ
0
Gcyy ðixÞ
F y ðixÞ
"
#


:
w
0
Gxx ðixÞ
F x ðixÞ
xw ðixÞ
iwT
¼ ð1  e
Þ
0
Gwyy ðixÞ
F y ðixÞ
y w ðixÞ


xc ðixÞ
y c ðixÞ



"

iwT

ð12Þ

workpiece. Assuming that each source of compliance can be
modelled as three linear springs in the xi, yi and zi directions
of the local frame, respectively. The torsional compliance from
all sources is considered to be negligible. Therefore, as shown
in Figure 3, the composite stiffness at the ith ﬁxture-workpiece
contact, pi, is the summation in series of three stiffness components, kijf, kijc and kijw (j = x, y and z), representing the stiffness
of the ﬁxture element, contact and workpiece, respectively.
As shown in Figure 4, the workpiece structural compliance
at the ﬁxture-workpiece contact is approximated by three linear
springs and is incorporated into the overall of the system by
placing them in series with other springs representing the contact and ﬁxture element compliances.
2.4 Calculation of the fixture-workpiece stiffness

The calculation of the local stiffness of the ﬁxture-workpiece system is given by this equation [27, 30]:

1
1
1 1
:
ð13Þ
k ij ¼ ðk ijf Þ þ ðk ijc Þ þ ðk ijw Þ

Experimental results shown by [24, 25, 26] reveal that the
measured cross transfer functions Gcxy ðiwÞ  Gcyx ðiwÞ 
Gwxy ðiwÞ  Gwyx ðiwÞ  0 were negligible. Where T is the tooth
passing period, Gcxx ðiwÞ, Gcyy ðiwÞ and Gwxx ðiwÞ, Gwyy ðiwÞ are
the direct transfer functions, respectively, of the cutter and the
ﬁxture workpiece-system in the X (normal) and Y (feed)
directions.

The spring constants for the workpiece structural stiffness
(kixW, kiyW and kizW for i = 1–8) are obtained using a ﬁnite element (FE) method. The ﬁxture-workpiece contact stiffness, kijc
can be obtained by this equation [27]:

 Þ2 1=3
k zc ¼ 32 16RðE
P 1=3
9
ð14Þ

1
2tw
w
k jc ¼ 8a 2t
þ
for;
j
¼
x
or
y
Gw
Gw

2.3 Modelling of the contact fixture-workpiece
elasticity by springs

where E1 ¼ EWW þ Ef f , t, E and G represent the Poisson’s ratio, Young’s modulus, and shear modulus of the material, respectively.
A ﬁxture element (locator or clamp) is modelled as a short
or long cylindrical cantilever, depending on its length-to-

At each ﬁxture-workpiece interface, the overall compliance
comes from three sources-ﬁxture element, contact, and

ð1t2 Þ

ð1t2 Þ
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Figure 4. Composite stiffness at the ith ﬁxture-workpiece contact.

diameter ratio. The structural stiffness of a ﬁxture element is
calculated by the following expression [27]:
(
ð3Eif I if Þ=L3if ; ðLif =d if Þ  3
k ixf ¼ k iyf ¼
ð3Gif Aif Þ=4Lif ; ðLif =d if Þ < 3 ; ð15Þ
k izf ¼

P j ¼ F cj For j ¼ ðL þ 1Þ; . . . ; ðL þ C Þ;
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðQxi Þ2 þ ðQyi Þ2  lis P i  0 For i

Eif Aif
I if

¼ 1; . . . :; ðL þ cÞ;

where Eif, Gif, Lif, Aif and Iif are the Young’s modulus, shear
modulus, length, cross-sectional and polar moment of inertia
of the ith ﬁxture element, respectively.

P i i0 For i ¼ 1; . . . :; ðL þ cÞ;

P i  S y Pa2i  0 For i ¼ 1; . . . :; ðL þ cÞ:

2.5 Static model

The principle of minimum complementary energy [19, 20] is
utilized to develop the static model so that it can deal with an arbitrarily conﬁgured ﬁxture-workpiece system without suffering
from static indeterminacy of problems. The static model is then
essentially a constrained nonlinear optimization model. The
objective function of the model is the total complementary energy
of the ﬁxture-workpiece system subjected to clamping forces, and
the design variables are the unknown contact forces of the system.
Since the structural compliance of the workpiece and ﬁxture elements are considered to be negligible relative to the contact compliance, the total complementary energy of the system is given by
the sum of the stress energy of the compressed nonlinear virtual
springs used to model the contact stiffness. Note that only constant clamping forces generated by force-controlled ﬁxture are
considered in this study. Therefore, denoting Pi, Qxi, and Qyi as
the contact forces due to clamping loads in the zi, xi, and yi directions, the static model can be written as:
Minimise Pc
ðP i ; Qxi ; Qyi Þ ¼
ðLþcÞ
X
i¼1

Z

Pi

dzi dP i þ

0

Z

Qxi

dxi dQxi þ
0

Z

Qy i

dy i dQy i ;
0

ð16Þ

X

F ¼ 
0;

X

 ¼
M
0;

ð17Þ

ð18Þ

ð19Þ
ð20Þ
ð21Þ

The constraint (17) represents the static equilibrium condition; (18) results from the fact that constant clamping forces are
used; (19) represents the Coulomb friction law; (20) comes from
the unilateral nature of a ﬁxture-workpiece contact; (21) represents the non-yielding constraint on the contact stress where Sy
is the yield strength of the workpiece material while ai is the radius
of the ith contact region and is a function of the normal force Pi.
The forces are then substituted into the contact force-displacement relationship to calculate the contact elastic deformation
due to clamping. The contact force-displacement relationship
for a spherical-tipped ﬁxture element pressed against a curved
workpiece surface is given as follows [27]:
"
#
Q j 2  tw 2  tf
9P 2
dz ¼
þ
:
ð22Þ
; dj ¼
 2
8a
Gw
Gf
16RðE Þ
For j = x, y. 
1
Where, R ¼ R1w þ R1f
is the relative curvature at the
contact with Rw being the local radius of the workpiece surface
and Rf being the tip radius of the ﬁxture element;
1
E

¼

ð1t2W Þ
EW

þ

ð1t2f Þ
Ef

, t, E and G represent the Poisson’s ratio,

Young’s modulus, and shear modulus of the material, respectively; the subscripts w and f refer
 to the workpiece and ﬁxture
is the radius of the contact
elements, respectively; a ¼ 3PR

4E
region.
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the approach is based on the ﬁxturing dynamic stability analysis
procedure and an optimization method to perform the task of
searching for the minimum set of clamping forces. Development of the clamping force optimization model is presented
in the next section.
Figure 5. Dynamic contact interaction between workpiece and
ﬁxture element.

2.6 Fixturing stability criteria

The dynamic stability of the ﬁxtured workpiece during
machining can be analyzed by determining the status of the
interaction between the workpiece and ﬁxture elements (i.e.,
locators and clamps) at each contact. Prior to machining, the
clamps are actuated and this causes localized elastic deformation at the ﬁxture-workpiece contacts. Consequently, the workpiece assumes a static equilibrium position, from which it
undergoes dynamic motion during machining. Superposition
of the static elastic deformation due to clamping and the
dynamic displacement due to machining at a ﬁxture-workpiece
contact gives the total motion of that contact. As shown in
Figure 5, three types of contact status are possible: full stick,
macro-slip and lift-off. Since total restraint of the workpiece
by the ﬁxture must be satisﬁed throughout the machining operation, lift-off of the workpiece from any ﬁxture element and
macro-slip of the workpiece at any contact at any instant are
indicators of an unstable workpiece. In the local coordinate system (xi yi zi) for the ith ﬁxture-workpiece contact, lift-off is
equivalent to a positive displacement of the workpiece in the
zi direction while macro-slip indicates that the Coulomb friction
law is violated. Therefore, the two ﬁxturing stability criteria can
be stated mathematically as in equation (23), which must be satisﬁed for i = 1 to (L + C) during machining.
max fzi ðtÞg  0
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


2
2
i
½k xi xi ðtÞ þ k yi yi ðtÞ  ls ½k zi jzi ðtÞj  0;
max
ð23Þ
where, t is the machining time; xi ðtÞ, y i ðtÞ and zi ðtÞ are
the superposed displacements of the ith ﬁxture-workpiece contact in the xi, yi, and zi directions, respectively; lis is the static
friction coefﬁcient at the ith contact; kxi, kyi, and kzi are the local
contact stiffness’s in the xi, yi, and zi directions, respectively.
The total motion of the ith is obtained as follows:
ij ðtÞ ¼ d ij ðtÞ  dij For j ¼ x; y; z;

ð24Þ

where, symbols d and d represent the dynamic and static displacements of the workpiece, respectively.
2.7 Optimization clamping forces methodology

The overall approach used in this article is to determine the
minimum required clamping forces during machining is summarized in the ﬂowchart shown in Figure 2. It is seen that

2.7.1 Nonlinear optimization model

The objective function to be minimized is the 2-norm of the
clamping force vector Fc. The number of components of this
vector depends on the number of clamps C used in the ﬁxture
and thus Fc 2 Rc. The task here is to search in a C-dimensional
hyperbox for Fc with minimum length that satisﬁes the stability
conditions given by equation (23). This clamping optimization
task is then formulated as a bi-level nonlinear programming
problem as follows:
Minimize; hðF c Þ ¼ kF c k2
Subject to; ji ðtÞ ¼ d ji ðtÞ  dji for j ¼ x; y; z;
maxt fzi ðtÞg  0;
8 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 9

2 =
<
½k xi xi ðtÞ2 þ k yi yi ðtÞ 
maxt
 0;
:
;
li ½k j ðtÞj
s

zi

ð25aÞ
ð25bÞ

ð25cÞ

zi

Lb  F c  U b ;

ð25dÞ

where i = 1 to (L + C), Lb and Ub are the upper and lower
bounds of Fc, respectively; d is computed using equation
(22) and the static optimization model given by equation (16).
This model includes two optimization tasks at two levels.
The upper level is the minimization of the 2-norm of the clamping force vector and the lower level is the minimization of the
total complementary energy of the ﬁxture-workpiece system
subjected to clamping forces. The constraint regions of the
two optimization problems are implicitly dependent on each
another.
2.7.2 Presentation of the PSO optimization model

PSO is an algorithm for ﬁnding optimal regions of complex
search spaces through the interaction of individuals in a population of particles [28]. It was developed by Kennedy and
Eberhart [29] based on the social behaviour metaphor.
This heuristic search algorithm is therefore used to solve
equation (25)). The algorithm searches a solution space by
adjusting the trajectories of individual vectors, called ‘‘particles’’ as they are conceptualized as moving points in multidimensional space. Each particle is assigned a randomized
velocity. These particles are assigned velocities and are ‘‘ﬂown’’
through the problem hyperspace. At the kth iteration, the best
solution (pbestx) and the corresponding objective function
value (pbest) that each particle has achieved so far are stored.
Also stored is the index (gbest) of the particle that has the best
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Figure 6. Final part and ﬁxture layout (L1–L6: locators; C1–C2: clamps).

performance in the group up to that iteration. Equations (26)
and (27) are used to update the velocity (v) and the position
(x) of the ith particle at the (k + 1)th iteration.
mkþ1
¼ wkþ1
:mki þ c1 randð Þðpbest xki  xki Þ
i
i
þc2 Randð Þðpbest xkgbest  xki Þ

ð26Þ

where w is the inertia weight; c1 and c2 are positive constants; rand and Rand are generators of random numbers
between 0 and 1.
xkþ1
¼ xki þ mkþ1
:
i
i

ð27Þ
Figure 7. Simulated milling forces.

3. Simulation example
A pocketing end milling simulation example is used to
illustrate the approach developed in this paper for to verify
the dynamic stability of a ﬁxtured workpiece and to search
the minimum set of clamping forces needed during machining.
This example considers an end milling operation. As illustrated
in Figure 6, the original workpiece is a solid block of aluminium 7075 and the operation involves milling a step cut on the
top surface of the workpiece. The operation consists of 30 depth
levels along the Z axis with 16 tool passes along the X axis at
each level. The removed volume is about 23% of the total volume of the original workpiece.
Cutting conditions used in this example are given by the
following Table 1.
The spatial coordinates of the ﬁxture-workpiece contacts in
the (xyz) frame are listed in Table 2. All ﬁxture (clamps) elements are identical with a cylindrical body (radius = 20 mm
and length = 30 mm) and a spherical tip (radius = 19.8 mm).
The material properties of the workpiece and the ﬁxture elements are given in Table 3.
The instantaneous machining forces, shown in Figure 7
(during two tool revolutions), are obtained from a milling force
model presented in this paper (derived from [22, 23]). Note that
the effect of the helix angle on the cutting forces is neglected in

Table 1. Cutting conditions (tool: end mill, Ø 25.4 mm, 4-ﬂute, and
30º helix).
Feed rate
(mm/s)
100

Axial depth
(mm)
5

Radial depth
(mm)
12.5

Spindle speed
(rpm)
2500

the force model, resulting in a zero force in the Z direction. In
general, the cutting force in the Z (axial) direction in milling is
small especially for the small axial depth of cut (5 mm) and relatively small helix angle (30º) employed in the current example.
A modal analysis of the ﬁxture-workpiece system was performed by the use of FEM for the initial and ﬁnal workpiece
geometries, and the ﬁrst four natural frequencies are presented
in Table 4. It can also be seen that the natural frequencies
increase (become higher in the end of the milling operation)
as the workpiece loses material.
A spindle speed of 2500 rpm corresponds to tooth passing
frequency 166.7, which is near the lowest natural frequency of
the initial ﬁxture-workpiece system 206, was ﬁnally selected for
the example so as to disqualify a quasi-static analysis but not in
the immediate vicinity of the peak areas to avoid resonance.
Figure 8 shows the convergence of the PSO search for the
example machining operation. The two plots are for the ﬁrst
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Table 2. Coordinates of ﬁxture-workpiece contacts
Locator
L1
L2
L3
L4
L5
L6

Coordinate
(x, y, z) (mm)
(100, 100, 150)
(100, 100, 150)
(100, 0, 150)
(100, 150, 50)
(100, 150, 50)
(150, 0, 50)

Clamp
C1
C2

Coordinate
(x, y, z) (mm)
(0, 150, 50)
(150, 0, 50)

Table 3. Material properties.
Parameter
Workpiece
Fixture elements
Material
Aluminium 7075-T6
Steel 1018
Density(kg/m3)
2700
Young’s modulus (GPa)
70.3
201
Poisson’s ratio
0.354
0.296
Yield strength (MP)
500
Static coefﬁcient of friction
0.35

Table 4. Natural frequencies.
Natural frequency (Hz)
1
2
3
4
Begening
206
244
311
378
End
252
288
355
441
The spindle speeds which correspond to natural frequencies (rpm)
1
2
3
4
Begening
3090
3660
4665
5670
End
3780
4320
5325
6615

and last tool passes, respectively. The optimal clamping forces
found for the two passes are given below the plots. The ﬁrst
observation conﬁrms the search power of the PSO algorithm
and the appropriateness of the values of design parameters
listed in Table 5. The second observation indicates the signiﬁcance of the material removal effect on the ﬁxture-workpiece
dynamics and consequently the minimum required clamping
forces. It is suggests the need for time-varying clamping forces
during machining.
Then the Figures 9 and 10 shows the ﬁxturing dynamic stability of the system operating under the minimum required
clamping forces simulated at the ﬁrst and last pass. The horizontal axis of both plots in Figures 9 and 10 represents the ﬁxture-workpiece contact indices which range from 1 to 8
corresponding to L1, L2, L3, L4, L5, L6, C1, and C2 (see Figure 6a), respectively. The vertical axes of plots in Figures 9 and
10 stand for the left hand sides of the two ﬁxturing dynamic stability criteria (given in equation 23), respectively. Therefore, a
stem above the zero horizontal line in Figures 9 and 10 is an
indicator of lift-off or macro-slip at the corresponding ﬁxtureworkpiece contact. The height of a stem represents the degree
of ﬁxturing dynamic stability (if below zero) or instability (if
above zero) of the contact. The Figures 9 and 10 illustrates that
the two clamping forces simulated in the ﬁrst and last pass are
able to stabilize the workpiece during machining.
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Note that the results of the convergence of the PSO search
algorithm are:
d

d

For the ﬁrst pass: 1 1 F opt
c ¼ ½ 6830
Fc1 = 6830 N and Fc2=4330N.
For the ﬁrst pass: 2 2 F opt
c ¼ ½ 3843
Fc1 = 3843 N and Fc2 = 2180N.

4330 ðN Þ, i.e.,
2180 ðN Þ, i.e.,

Figures 11–18 compare the dynamic motions of the ﬁxtureworkpiece system at the contact points during the ﬁrst and last
passes when their corresponding ‘‘minimum’’ clamping forces
(see Figure 8) are used. It is seen that the dynamic motion of
the ﬁxtured workpiece (at the contact points) during the ﬁrst
tool pass is larger than during the last pass. This says that the
workpiece experiences smaller motion as it loses material.
The reason for this may be found by examining the change
in the system natural frequencies as the material is cut away.
The lowest natural frequency of the system is 206 Hz during
the ﬁrst pass and 252 Hz during the last pass. Although the
change is not very large, the system inertia decreases signiﬁcantly. The small change in the natural frequency is because
the system stiffness also decreases as lower ‘‘minimum’’ clamping forces are used for the last pass. The dominant excitation
frequency (i.e., tooth passing frequency) for this simulation
example is 166.7 Hz, which is near the lowest natural frequency of the initial ﬁxture-workpiece system. As the workpiece loses material, the machining operation moves away
from resonance and thus produces smaller system dynamic
motion.
Note that workpiece motions (at the contact points) during
only two tool revolutions are shown in each plot. As seen from
these plots (Figures 11–18), the workpiece vibrations change
signiﬁcantly during the last pass in which 23% material has
been removed. From the results, the key ﬁndings are as follows:
d

d

d

The ﬁxture-workpiece system during the end milling
operation presents signiﬁcant dynamics when certain
spindle speeds are used such that the excitation frequency
is in the vicinity of a natural frequency of the system. In
this scenario, consideration of the ﬁxture-workpiece system dynamics is critical for an accurate analysis of the
system.
Material removal in machining continuously changes the
properties of the ﬁxture-workpiece system, e.g., inertia
and geometry. When a large portion of material is
removed from the workpiece, the ﬁxture-workpiece system behaves quite differently (in the example, the amplitudes of workpiece vibrations (at contact points) were
found to be higher during the ﬁrst tool pass than during
the last pass). As a result, higher clamping forces are
required to stabilize the workpiece during the ﬁrst pass
than during the last pass.
Because of the material removal effect, dynamic clamping is an option to achieve the best possible performance
of a machining ﬁxture-workpiece system. In addition,
allowing different forces at different clamps with a good
combination of the clamping forces can improve the overall ﬁxture performance.
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Figure 8. Convergence of the PSO search algorithm.

Table 5. Parameter values used in the PSO model.
Parameter
Dimension of the solution space
Size of solution space

Value
2
Lower bound: 1000 N
Upper bound: 8000 N
30
0.4–0.9
1;1
maxIt = 50
m=8

Population size
Inertia weight w
Coefﬁcients c1, c2
Stop criteria

Comments
Two clamps
Speciﬁed by the user
Can be updated during search
Depending on the size of the solution space
Case speciﬁc
Case speciﬁc
maxIt-maximun number of iterations
m is the number of consecutive iterations without
considerable improvement in the solution

a)

6

2

-600

3

-1000

8

5

-1400

4

-1800
7

-2200
-2600
-3000
-3400

1

-3800

Friction force constraint (N)

Friction force contraint (N)

0
-200

-200
1

-400
-600
-800

4

-1000

Contact index(First pass)

8

5

-1200
-1400
-1600
7

-1800
-2000

Contact index(Last pass)

b)

Lift-off check at the first pass

6

3

2

Lift-off check at the last pass

20
6

4

-30

2
8

-80

5

7

3

-130
1

-180

a)
Figure 10. Macro-slip check.

Contact Index(First pass)
Macro-slip check at the first pass

Local normal displacement (µm)

Local normal displacement (µm)

Figure 9. Lift-off check.

b)

0
-10
-20
-30

1

2

6

3

8

-40
-50
4

5

7

-60
-70

Contact index(Last pass)

Macro-slip check at the last pass
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Figure 11. Dynamic motion at contact point L1 during the ﬁrst and last depth level along Z.
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Figure 12. Dynamic motion at contact point L2 during the ﬁrst and last depth level along Z.
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Figure 13. Dynamic motion at contact point L3 during the ﬁrst and last depth level along Z.
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Figure 14. Dynamic motion at contact point L4 during the ﬁrst and last depth level along Z.
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Figure 15. Dynamic motion at contact point L5 during the ﬁrst and last depth level along Z.
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Figure 16. Dynamic motion at contact point L6 during the ﬁrst and last depth level along Z.
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Figure 17. Dynamic motion at contact point L7 during the ﬁrst and last depth level along Z.
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Figure 18. Dynamic motion at contact point L8 during the ﬁrst and last depth level along Z.
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4. Conclusion
A systematic procedure for optimization of the clamped
forces of a ﬁxture-workpiece system in machining has been
established in this paper. Through this study, it is seen that:
d

d

d

In determination of the minimum required clamping
forces to ensure the ﬁxturing dynamic stability of the ﬁxture-workpiece system in the example milling operation,
consideration of ﬁxture-workpiece system dynamics is
found to be crucial when the excitation frequency is in
the vicinity of the natural frequency of the system.
Material removal signiﬁcantly affects the ﬁxture-workpiece system dynamics and subsequently the minimum
clamping forces required for achieving ﬁxturing dynamic
stability. The minimum required clamping forces are
found to decrease as material is removed from the
workpiece.
Satisfaction of ﬁxturing stability criteria requires good
combinations of clamping forces, which can be determined
from the model and approach developed in this paper.

Future research will focus on the inﬂuence of the structure
compliance (for relatively ﬂexible parts) on the stability of the
ﬁxtured workpiece.
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