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Abstract – This work concerns the calibration of trip distribution models issued from Transportation Planning. The opti-
mal estimators are the global minima of a non-convex function. A mathematical result establishes that the solution is the 
limit of a sequence of means of convenient random variables. A population-based global optimization involving this repre-
sentation and random perturbations of a local descent method is applied. Experiments are performed on classical test func-
tions. In the application to the models of trip distribution, 4 sets of data, including real data are used.  The results show that 
the use of the representation of the solution leads to a significant improvement and increases the robustness. 
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1 Introduction 
Nowadays many studies focus on the development of 

robust mathematical methods that allow one to solve impor-
tant problems in engineering. One carefully analyzes strate-
gies for general solutions of the problems, instead of look-
ing for particular solutions that would solve specific situa-
tions. 

In Transport Planning, one of the problems that require 
the application of robust methods of optimization is the es-
timation of parameters of spatial interaction models. Beyond 
its utilization in transport planning, these models are also 
used in urban planning, in particular, in the planning of 
services as education and health. (Lowe[23], Soot[31], 
Almeida[1] and Almeida[2]). 

Since its origin, in the middle of the past century, a good 
number of models of spatial interaction was developed and 
tested, mainly in the United States and the United Kingdom. 
Between them, the most popular and widely used is the gra-
vitational model, conceived empirically from an analogy 
with the gravity law of Newton and which received, later, a 
more solid theoretical justification, based on the principle of 
the maximization of the entropy (Wilson[36] and Wil-
son[37]). 

The gravitational models constitute the most common 
form of the models of trip distribution currently in use 
(Zhao[39]). They are aggregate models that are based on the 
hypothesis that the number of trips between two zones of 
traffic is directly proportional to the relative attractiveness 
of each zone and inversely proportional to some function of 
spatial separation between the zones. 

Another important class of aggregate models is consti-
tuted by the models of opportunities, which are derived 

from postulates associated to the choice of destination. In 
this class of models, the models of intervening opportunities 
(Schneider[27]) and the models of competitive destinations 
can be cited (Fotheringham[12]). 

From the amalgamation of the gravitational models and 
intervening opportunities models, the hybrid models ap-
peared, also called of gravity-opportunity models (Bax-
ter[3], Wills[35], Gonçalves[16] and Gonçalves[17]). 

To incorporate, in a disaggregated manner, the behavior 
of the users in spatial interaction models, it has appeared, 
more recently, the models of choice of destination (Ben-
Akiva[5] and Ortuzar[24]). These models have been ac-
cepted as a possible alternative to the aggregated models, 
especially, to the gravitational models. However, comparing 
these models with the gravitational ones, Zhao[39] affirm: 
“Aside from the disaggregate-versus-aggregate distinction, 
the two models actually share more similarities than differ-
ences. In terms of functional forms, the logit model, into 
which destination choice models are frequently formulated, 
actually belong to the gravity model family. A production-
constrained gravity model with an exponential impedance 
function is identical, up to a constant multiplier, to a logit 
destination choice model with a utility function. The only 
difference is that disaggregate logit models of destination 
choice include attributes of the individual or household, and 
aggregate gravity models include zonal demographic and 
socioeconomic measures.”    

Another form to incorporate behavioral aspects in spatial 
interaction models was introduced by Almeida[2]. In their 
work, these authors present a methodology to incorporate 
behavioral aspects in the intervening opportunities models 
and/or hybrid models. For this, they use in the definition of 
intervening opportunities a function of utility, based on the 
Economic Theory of the Consumer and calibrated through 
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techniques of state preference. An advantage of the pre-
sented methodology is the incorporation of the disaggre-
gated behavioral modeling in the aggregate models of trip 
distribution, which are more treatable in diverse practical 
situations. 

We remark, in this context, that the aggregate models 
continue to have an important role in the planning of urban 
services and transports, both in the developed world 
(Zhao[39] and Horowitz[21]), and in developing countries 
(Wirasinghe[38]). So, the evolution of the aggregate models 
and/or the methodologies of calibration, aiming at making 
the operational procedures simple for the practitioners, is of 
great importance. 

Although the calibration of the gravitational models is 
simple, this does not occur with the other aggregate models 
cited above. Until today, the model of intervening opportu-
nities is cited as a model with calibration problems 
(Zhao[39]). The same occurs with the model of competitive 
destinations (Fotheringham[12] and Diplock[10]) and with 
the hybrid model of Gonçalves and Ulysséa-Neto (Gon-
çalves[17], Diplock[10] and Gonçalves[19]). All these mod-
els need robust methods of optimization for its calibration. 

In the literature, we can find a great number of optimiza-
tion methods that are adequate to solve problems character-
ized by convex functions, but that do not present good per-
formance for more complex problems, involving non con-
vex functions, finding the optimal in narrow and deep 
cracks or in extensive and plain regions, or local minimums 
with similar values, etc. 

Many studies are centered in the determination of new 
procedures, more robust, that make possible the determina-
tion of the global optimal, independent of the problem to be 
solved. These methods combine, in the majority of the 
cases, already existing methods, generating hybrid proce-
dures, with the objective to advantage what each one has of 
better. One of the ways mentioned in the literature combines 
evolutionary algorithms with classic descent methods, aim-
ing at joining advantages of the evolutionary methods, as 
efficiency and flexibility, to the precision and speed of 
search of traditional descent methods. 

In this paper, we present a hybrid procedure of represen-
tations of solutions in global optimization. This procedure 
uses an evolutionary version presented by Gonçalves[19], of 
an algorithm based on random perturbations of the gradient 
method and a formula of representation of the global opti-
mal given by Souza de Cursi[32] and Souza de Cursi[33], 
on the improvement of the initial population. Also we intro-
duce an optimal step in the gradient method, conveniently 
defined, in each iteration. Tests with classical functions 
show that the improvements introduced in the original algo-
rithm made it sufficiently robust, with potential to resolve 
applied problems (Bez[6] and Bez[8]). 

We present an evaluation of the potential of the devel-
oped algorithm to solve two relevant problems. The first one 
consists in calibrating the model of competitive destinations 
of Fotheringham[12], comparing its performance with the 
one of an evolutionary strategy used by Diplock[10]. The 
choice of this strategy is due to the empirical evidence of its 
good performance (Schwefel[29]), compared with eleven 
conventional optimization methods in the solving of 28 test 
problems. 

The second problem consists in calibrating the hybrid 
model of Gonçalves[17]. This problem was object of previ-

ous study of two of the authors (Gonçalves[19]), and they 
used, in the tests, a real data set, corresponding to the inter-
cities trips of bus passengers, in a region formed by 77 cities 
in the State of Santa Catarina, Brazil. Although in this work 
the calibration was successful, tests with other data bases 
showed a certain fragility of the algorithms presented in the 
initialization of its parameters. So, one looked for to develop 
a more robust algorithm, and to get a default set of parame-
ters for its initialization, in order to make it simple of use for 
the professionals in the area of urban planning and trans-
ports. 

The paper is organized as follows: In section 2, we pre-
sent the models which will be studied, as well as the objec-
tive functions that must be minimized for the estimation of 
the model’s parameters. In sections 3 and 4, we introduce 
the developed algorithm and we leave a proof of its conver-
gence to the appendix. In section 5, we present some tests 
with classical functions. Next, in section 6, we present an 
application of the algorithm for the calibration of the model 
of competitive destinations of Fotheringham[12]. We also 
make a comparison between the results obtained with the 
use of the developed algorithm and with the use of and evo-
lutionary strategy as done by Diplock[10]. In section 7, we 
show the results obtained in the calibration of the hybrid 
model of Gonçalves[17]. The goal of this application is the 
search of a set of default initialization parameters. Finally, 
in section 8, we present some conclusions. 

2 Setting, calibrating and calibration crite-
ria generalized gravitational model for 
spatial interactions 

The flows observed between locations  and  are 
usually referred as spatial interactions. Their estimation is a 
crucial point in the evaluation or planning of transporta-
tion systems. An interesting – and popular – framework for 
this is furnished by the gravity models. These models are 
based on the empirical observation that spatial interactions 
decrease with the distance separating  and . This ob-
servation has suggested to some authors that spatial interac-
tion may be considered as being similar to gravitational one 
and that Newton's gravity model may be used in order to 
explain the empirical observations concerning flows be-
tween origins and destinations. In the pioneer works, a New-
tonian-like law depending on the inverse of distance has 
been used and the expected flow  going from  to , 
separated by a distance  has been estimated as 

, where  and  are “masses” represent-

ing the importance of  and , respectively, while  is a 

parameter to be obtained from experimental evidence.  In 
subsequent works, generalized gravity models have brought 
improvements to this basic model. For instance,  
• the physical distance  may be replaced  by a more 

general quantity cij giving a measurement of the spatial 
separation of locations  i e j.  The matrix c = 

 is referred as spatial separation matrix.  

• the standard Newtonian-like law may be replaced by a 
decreasing function . Usually, g is defined by 
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using a set of parameters x, which characterizes the at-
tractiveness/generation of flows of the locations and the 
efficiency of the transport system.  

• the “masses”  and  may be replaced by coeffici-

ents  and  representing the importance of  

as origin and of  as destination of flows, respec-
tively: a distinction is introduced in the importance as 
destination and the importance as origin of each lo-
cation. 

 
With these notations, the expected flows are given by 
 

 

 
A simple way to define the importance of each location 

as origin or destination of flows consists in using the global 
flows Oi originated at Li and  Dj  destined to Lj: 

 
        (1) 

 
Oi and Dj may be considered as measurements of such an 
importance and the coefficients  and  may be as-
sumed to be proportional to these values:   

 
 and , 

 
what leads to the expected flows 
 

          (2) 
 

Eq. (1) implies that   

     (3) 

 
Eq. (3) shows that the coefficients    and 

 ensure that global coherence between in-

flows and outflows of the system: they are referred as bal-
ancing factors. For a given set of parameters x and a given 
spatial separation matrix c,  the values of  are 

known and Eqs. (1) – (3) form a nonlinear algebraical sys-
tem for the unknowns A, B, , 

, . This feature is ex-
ploited in numerical calculations: for a given set of parame-
ters x, the solution of Eqs. (1) – (3) furnishes balancing fac-
tors A(x) and B(x), estimated fluxes T(x)= , 

and 

. 

 
In this work, we solve these equations by the classical it-

erative method of the equilibrium of the matrices, which is 
also called method of Furness. By limitation of the room, 
we do not give here the description of this classical method: 

the reader interested in these aspects may refer, for instance, 
to Gonçalves[19]. 

One of the main criticisms on the gravity models con-
cerns the fact that other factors than the distance may influ-
ence the attractiveness of a destination: for instance, the 
same facility may be available in several possible destina-
tions, but their attractiveness may be not directly connected 
to the distance. In such a situation, the destinations may be 
considered as being in competition in order to generate in-
flows and the probability of choosing a specific destination 
depends also of the opportunities offered in the region under 
analysis – referred as intervening opportunities.  

This observation has led some authors to consider im-
provements of the generalized gravity model by the adjonc-
tion of supplementary parameters describing other spatial 
effects. This is generally performed by, on the one hand, the 
introduction in the model of a supplementary matrix  

involving a measurement the supplemen-

tary effects  to be considered and, on the other hand, a modi-
fication of the function  g  in order to take into account the 
supplementary variable w : 
 

.                          (4) 

 
We consider in the sequel two classical models, which are 
used to illustrate the procedure proposed. 

2.1 A model of competitive destinations 

Sheppard[30] has considered that, for an individual from 
a given origin – for instance,  - the probability of a desti-
nation – for instance, - depends on its relative accessibil-
ity when compared to the alternative destinations. For in-
stance, this probability has not the same value if  is the 

only possible destination for a habitant of  or an individ-

ual from  may choose among several possible destina-

tions, including . These ideas have led to the model of 
competitive destinations, formulated by Fotheringham[12]. 
We consider here the version of this model proposed by 
Diplock[10], where w furnishes a measurement of the ac-
cessibility of the potential destinations (Gitlesen[15]). This 
version reads as: 
 

,    (5) 
 

where  is a measurement of the perception by an indi-
vidual from Li  of the relative accessibility of destination  Lj 
when compared to the other possible destinations.  Fother-
ingham[12], Fotheringham[13] and Fotheringham[14] has 
defined 
 

                         (6) 

 
For this model, x = (δ, β, σ) which are impedance 
parameters connected to the accessibility, the spatial 
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separation and the importance of the distance in the 
perception of the accessibility, respectively. 
 
 
2.2 A model involving intervening opportunities 
 

We consider also a second model, introduced by (Gon-
çalves[17]). This model takes into account intervening op-
portunities in the expected flows by using  
 

.                    (7) 

 
Here, w = is a measurement of the intervening 

opportunities for a flow from location Li to Lj. In this case, 
x = (β, λ), which are impedance parameters for  the spatial 
separation and the intervening opportunities, respectively. 
 
2.3 Calibration of the models 
 

An important step for the practical use of spatial interac-
tion models is their calibration, i. e., the determination of the 
parameters x of the model and the associated balancing fac-
tors A(x) and B(x). These parameters are determined by 
comparing the estimations T(x) of the model to empirical 
data T*: the parameters must be set to values that furnish 
estimations which are as close as possible to the observed 
flows. In practice, the empirical data consists in  
• The matrix of the measured flows T*= ;  

• The spatial separation matrix c = ; 

• The supplementary matrix w = . 

The empirical vectors giving the generated and received 
flows at each location are denoted by O* = ( ,  , .... ) 
and D* = ( ,  , .... ), respectively, and are obtained 
from these data by using the relations (1):  
 

 

 
As previously observed, the goal is to determine a set of 

parameters and balancing factors such that the estimations 
furnished by the model are, on the one hand, consistent with 
the balance of inflow and outflow at each traffic zone and, 
on the other hand, as close as possible of the empirical data 
available.   

Thus, the calibration involves,  
• on the one hand, the choice of a calibration criterion, i. 

e., a measurement of the distance between empirical 
and estimated flows; 

• on the other hand, a procedure for the determination of 
the parameters and balancing factors. This procedure is 
usually computational and involves optimization meth-
ods for the minimization of the calibration criterion.    

 
Thus, the calibration consists in determining   

 
                                 (8) 

 

where is the admissible region for the parame-
ters and F is the calibration criterium. The optimal value of   
F is . 
Different choices of F may be considered for a given 
model, but in general, the calibration criterion is non 
convex and the determination of  is a difficult problem 
of global optimization. This work is mainly concerned by 
the resolution of this last difficulty and we shall illustrate 
the procedure proposed by using two choices of F. 
 
2.4 Calibration criterion for the model of 
competitive destinations 
 

For this model, we use the mean quadratic error intro-
duced by Diplock[10]:  
 

.  (9) 

 
Although the parameters may take any non-negative 

value, it is more useful to look for the parameters in a box-
bounded region: 
 

.  (10) 
 
More general search regions may also be considered, such 
as, for instance, admissible regions defined by linear or 
nonlinear constraints (see, for instance, Bouhadi[9] or 
Souza de Cursi[34]). 
 
2.5 Calibration criterion for the model involving 
intervening opportunities 
 

By assuming that the flows  are random variables 

multinomially distributed, the maximum likelihood estima-
tions of x, A and B verify, in addition to Eqs. (1) – (4),  
 

 
      (11) 

 

 
       (12) 

 
where  and are the global flows: 

     
 .        (13) 

 
In practice, these equations are not exactly satisfied and 

it is more convenient to look for approximate solutions, 
such as for instance, least squares ones by 
 

  (14) 

 
an approximate solution is determined by minimizing 

 given by 
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 .            (15) 

 
Here, we look for the parameters in the box-bounded re-

gion: 
 

.  (16) 
 

As previously remarked, more general search regions 
may be considered. 
 
3 A population-based algorithm involving 
stochastic perturbations 
 

When solving the general problem stated in Eq. (8), one 
of the main difficulties is connected to the non-convexity of 
the objective function F.  

In order to fix the ideas, let us consider an iterative 
method generating a sequence , recursively defined 
from a starting point: 

 
                   (17) 

 
where  is an iteration function, which may involve ns 
substeps of a standard descent method (for instance, steepest 
descent or Fletcher-Reeves): 
 

  .           (18) 

Here,  is the iteration function associated to the de-
scent method used for the substeps. It usually involves a 
descent direction  and a step  to be determined. For 
instance, the classical gradient descent with a fixed step uses 

 and a fixed parameter in order to define 
. In a more sophisticated approach, the 

step may be determined by one dimensional search involv-
ing a previously established maximal step αmax (for instance, 
we may consider the optimal step on the interval ). 

Due to the lack of convexity, the convergence of these 
iterations to a global minimum x satisfying (10) is not en-
sured  and  may strongly depend on the parameters of the 
method, such as the initial point , the descent method 
used in the substeps and their number ns, the maximum step  
αmax and the method used for the unidimensional search.  

This difficulty makes that global optimization methods, 
such as stochastic or evolutionary algorithms are considered 
for the numerical solution of (8): for instance, we may use 
the random perturbation approach, where the iterations (17) 
are modified as  

                 (19) 
 

where  is a convenient random variable which ensures the 
convergence to a global minimum, such as, for instance, 

 , where Z is a gaussian random vector 

following N(0, Id) and ω > 0 is fixed (see, for instance, 
Pogu[26] or Ellaia[11]).  In practice, the implementation of 

random perturbations involve a finite sample  of  

nr variates from : let , , 

; , 1 ≤ i ≤ nr; ; 

, i.e., 

 is the best point among the nr+2 available points ,   
0 ≤ i ≤ nr+1. 
The random perturbations may be also used as part of a  
population-based algorithm. For instance, we may consider 
the following algorithm 
 

Population-based algorithm involving random pertur-
bations: 
Start: let be given: h > 0; strictly non negative integers 
np, nc and nr; the initial population 

; the iteration function and the 

number of substeps ns > 0. k is initialized: k = 0. 
Step k > 0:  k is increased and  is obtained from  

 in three substeps:  
1) We determine the set  

where   are random values from the uni-
form distribution on  and  j, m are randomly 
chosen. Since  contains  elements, 

contains   elements. 
2) We determine the set  

, 

 has  elements chosen among the nb(nr+2) 
available points (nr+2 points for each element of  
Bk).  

3) The elements of  are increasingly ordered           
according to the associated value of F. The popula-
tion  is formed by the first np elements of , 
which correspond to the np best points of .  

4) Termination test: a stopping condition is tested and 
the iterations are terminated if it is verified. 

 
 

At each iteration, the optimal point  and the optimal 
value are approximated by  

 

 
 

The stopping conditions usually involve a maximum it-
eration number kmax, a minimal variation ηmin of the opti-
mal point and a minimal improvement εF of the objective 
function: the iterations are stopped when one among the 
following conditions is satisfied:  

 
k = kmax   OR  

   
OR    

 
We denote by kstop the iteration number where this condi-

tion is satisfied. Thus, our final estimation of the optimal 
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point is  and the final estimation of the optimal 

value is .   

Each iteration performs (np+nc) × ns evaluations of  
and (nr+2) × (nc+np) evaluations of  F. Thus, the computa-
tional cost corresponds to  kstop × ns × (np+nc) evaluations 
of  and kstop × (nr+2) × (nc+np) evaluations of  F. 

In a previous work we have presented a procedure of ca-
libration by an analogous population-based strategy 
(Gonçalves[18] and Gonçalves[19]). The convergence of 
this method to the global minimum is ensured by a theorem, 
independently of the initial population, but the numerical 
behavior may be widely improved if a convenient initial 
population  is chosen: we present here a significant im-
provement based on the use of a representation of . Our 
main result is a generalization of a pioneer result (Pin-
cus[25]), which has been extended to a more numerically 
useful representation (Souza de Cursi[32] and Souza de 
Cursi[34]).  

In our numerical experiments, we have considered dif-
ferent methods for the generation of the descent direction:  
gradient descent (GD), normalized gradient descent with 
(NGD); Fletcher-Reeves (FR), Polak-Ribière (PR), Davi-
don-Fletcher-Powell (DFP) and Broyden-Fletcher-Goldfarb-
Shanno (BFGS). By reasons of limitation of the room, we 
do not present here these classical methods: the reader is 
invited to refer to the literature in continuous optimization, 
such as, for instance, Bazaraa[4]. 

 
4 A representation of the optimal point 

 
In order to properly address the main theorem, we need 

some notations: let  be a real number small enough. 
We denote by  the open ball having center  and radius 

, while  denotes its complement in :  
 

 
 
We denote by  the characteristic function of   : 
 

  
 
Let us introduce a probability  defined on . We as-

sume that  
 

 
 

This assumption is verified by any probability defined 
by a strictly positive density. Let   be a real number 
large enough (in the sequel, we take ) and 

 a continuous function such that  and 
 is strictly decreasing for any . Let us 

denote by  the meaning associated to the probability P.  
We assume that there exists a real number  and two 

functions  such that,  
 

:  

 (20) 
 
and  

                 (21) 

We have:  
Theorem 4.1. Let  be a non empty, closed, 

bounded set. Assume that  is continuous and that 
there is exactly one  satisfying (10). Assume also that 
(20) and (21) are satisfied. Then  

 
                       (22) 

  
Proof: Cf. Appendix 1.  
 
The choice of the function g is guided by the following 

result: 
 
Proposition 4.2. Let  be a continuous func-

tion such that , h is strictly decreasing on (0,+∞) and  
 

                (23) 

 
 If  is continuous, strictly positive and 

strictly increasing on  then  

satisfies (20) and (21). Consequently, we have (22).  
 
Proof: Cf. Appendix 1.  

A suitable choice, primarily suggested by  (Pincus[25]) 
is  

,                       (24)  

which corresponds to  

;  .               (25)  

 
The numerical experiments performed show that the rep-

resentation (Eq. 22) furnishes good starting points for itera-
tive descent methods (Souza de Cursi[32]). This suggests its 
use for the generation of the initial population S0: it is ex-
pected an improvement, since the initial population is an 
approximate numerical representation of the solution. Re-
cent experiments have shown a significant improvement by 
the use of a representation in the generation of the initial 
population, when compared to a purely random initial popu-
lation (Shi[28], Souza de Cursi[33] and Bez[7]).  

The representation (22) is numerically used as follows: a 
large fixed value of  is selected and a finite sample 

  of admissible points is generated, according 
to the probability P. Then, the sample is used to generate an 
initial estimation of the optimal point:  
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   (26) 

  
Eq. (26) shows that Eq. (22) may be interpreted as a 

weighted mean of the values of the points of S. For conveni-
ently chosen g, the weight of a point  decreases when 

 increases.  The behaviour of g as function of τ must 
be such that the relative weight of points having values dif-
ferent of  vanishes when .       

The practical use of Eq. (26) (or Eq. (22)) requests the 
construction of a probability distribution on . When the 
geometry of S is complex, this may be a hard point. In the 
sequel, we assume the existence of a projection operator 
proj transforming  into .  

The use of (26) for the generation of the initial popula-
tion   needs np × ntirm supplementary evaluations of F: 
the computational cost becomes  kstop × ns × (np+nc) evalua-
tions of  and np × ntirm + kstop × (nr+2) × (nc+np) evalu-
ations of  F. 

 
5 Numerical experiments 
 

In this section, we present the results of some numerical 
experiments destined to validate the algorithm.  

Extensive experimentation has been performed concern-
ing the effects of the parameters: choice of the descent 
method used in the mutation phase and its internal param-
eters, size of population, standard deviation of the distribu-
tions used for generation, maximum step size etc. For each 
set of parameters, one hundred runs have been performed in 
order to estimate the probability of success of the method: a 
run is considered as successful when the relative error in the 
final evaluation of the optimum  is inferior to 0.1%, 
i.e., the distance between the final estimation  and the 

exact solution  is inferior to 0.1% 
of the norm of the exact solution:  (we 

have  in all the experiments). The probability of 
success is estimated by the proportion of successful runs on 
a finite sample of 100 independent runs. We consider also 
the mean value and the standard deviation of in the 
sample, denoted by  and , respectively.   

 
By reasons of limitation of the room, we present only the 

results concerning a few experiments, chosen in order to 
illustrate significant aspects.  

We have considered different choices of the function g: 
(25) has been tested, but we have also considered the situa-
tions where  and  

,  ;     (27) 

, ;      (28) 
  

In our experiments, the search region S has had a simple 
geometry:  

 
• disk: , where r is the radius; 

or  
• rectangular: S is a product of intervals, 

.  
 
In order to apply the theorem 4.1, we need a probability 

P defined on S. In our experiments, we consider the restric-
tion to S of a Gaussian distribution N(0,ρ Id).  

In practice, we generate points from N(0, ρId). As previ-
ously observed, trial points lying outside S are projected by 
an operator proj in order to get an admissible point. We 
have considered two kinds of projection:  

• The first one is the standard orthogonal projection 
(SOP) on S. This kind of projection brings the exterior point 
to the boundary of S.  In our experiments, this projection 
reads as  

• disk: 
  

• rectangular: ,  
where , ; ; 

. 
 
• The second one is a randomly perturbed orthogonal 

projection (RPOP) where a random term is added to SOP in 
order to obtain an interior point whenever the trial point 

lies outside from S. In our experiments, this projection is 
performed as follows:  

• disk: , if  (U is a 

variable from the uniform distribution on (0,1)); 
 

• rectangular: let . 
, where , 

; ; ,     
otherwise (U is a variable from the uniform distribution  on 
(0,1)) . 

 
In order to investigate the effect of the projection, we 

have tested initial populations formed by purely boundary 
points and purely interior points, as well as mixed ones. 

We recall that another distribution of probability is 
needed in order to generate the perturbations  (Eq. (19)). 

As previously observed, we use , where 

Z is a gaussian random vector following N(0, Id) and ω > 0 
is fixed. 
 
5.1. Test functions 
 

We have considered classical test functions existing in 
the literature. These functions are characterized by multi-
modal behaviour and difficulties in numerically obtaining 
the points of global optima. They are usually destined to the 



92  International Journal for Simulation and Multidisciplinary Design Optimization 

evaluation of the performance of global optimization algor-
ithms.  

In order to prevent bias introduced by the use of proba-
bility distributions having  as mean, 
we consider only situations where the theoretical solution is 

. The functions used are the following: 
1) Davis’ Function: 

  (29) 

 
2) Rastringin’s Function : 

 (30) 

 
3) Ackley’s function: 

  (31) 

 
4) Griewank’s function (Griewank[20]) : 

           
(32) 

 
5) Rosenbrock’s function : 

           

(33) 

6) Schwefel’s function : 

           (34) 

 
The first four functions attain their global minima at 

 - our experiments use  .  We have 
 for the 3 first ones (Davis, Rastringin, Ackley), 

while  for the 4th one (Griewank). The 5th 
(Rosenbrock) has a global minimum , attained at 

. The last one (Schwefel) has global 
minimum , attained at 

.  
 
5.2. Numerical effect of the use of the represen-
tation 
 

In order to evaluate the improvement furnished by the 
use of Eq. (26) for the generation of the initial population 

, the results have been compared to those furnished by a 

purely random one .  In all the situations considered,  
has furnished better results. The results have been analogous 
for all considered test functions: The results obtained for 
Rastringin’s function are presented in Table 1. They concern 
the situation where np = 5, the search region is rectangular 
with = -500 and  = 500; ntirm = 100;    ρ =1; ω 
= 0.5; τ = 10; kmax = 300; nr = 5; αmax = 0.5; ns=10. When 

generating the initial population, we use the random projec-
tion RPOP.  

 
 

 
Table 1 – Rastringin’s function (n = 5, RPOP) 

 GD FR DFP BFGS PR 
Prob. of 
success 0.91 0.92 0.96 0.96 0.96 

 53.98 55.72 47.56 67.25 68.75 

 51.33 52.49 51.60 71.78 75.06 

evaluations of 
 

8098 8359 7134 10087 10312 
evaluations of 

 
5668 5851 4994 7061 7218 

a) Random Initial Population ( ) 
  Prob. of success 1 1 0.98 0.99 1 

 23.38 25.56 33.97 35.69 24.75 

 32.07 38.58 37.83 37.92 36.62 

evaluations of 
 

3597 3834 5095 5353 3712 
evaluations of 

 
2954 3183 4066 4247 3098 

b) Initial population generated by the representation( ) 
 

The method of projection has had no significant influ-
ence: standard projection has led to analogous results (see 
Table 2) 
 

Table 2 – Rastringin’s function (n = 5, SOP) 
 GD FR DFP BFGS PR 

Prob. of 
success 0.94 0.91 0.92 0.94 0.97 

 79.02 66.28 65.19 71.24 62.93 

 63.24 54.42 49.56 64.05 54.55 

evaluations  
of 

 

11853 9942 9779 10686 9440 

evaluations 
of

 

8297 6960 6845 7480 6608 

a) Random Initial Population ( ) 
 

Prob. of 
success 1 1 1 0.98 1 

 25.70 26.22 34.24 35.43 26.22 

 32.73 36.85 34.96 31.87 37.11 

evaluations  
of 

 

3855 3933 5136 5314 3933 

evaluations 
of

 

3198 3253 4095 4220 3253 

b) Initial population generated by the representation( ) 
 
The Fig. 1 shows the probability of success for an in-

creasing population size. The search region is a disk of  ra-
dius r =100; the dimension is n=6; and the parameters are  
ρ =1 ; ntirm = 50; ω = 0.1; τ = 10; kmax = 30; nr = 30; 
ns=10; αmax = 1; descent method: FR. We observe the im-
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provement due to the use of the representation for the gen-
eration of the initial population. 
 

 

 
Fig. 1 – Results for an increasing population size  

(Rastringin’s function) 
 

In addition, the use of the representation formula may 
significantly reduce the number of random perturbations to 
be generated. This confirms that (22) furnishes good starting 
points. For instance, let us consider the situation above with 
nr = 0 (no random perturbation). The results are shown in 
Table 3. The projection method is RPOP. 

 
Table 3 – Rastringin’s function (n = 5, RPOP) – no random 

perturbation (nr = 0) 
 GD FR DFP BFGS PR 

Prob. of 
success 0.52 0.47 0.57 0.55 0.46 

 114.67 114.14 123.29 122.6 138.54 

 74.16 68.30 81.05 74.02 78.13 

evaluations  
of 

 

17200 17122 18494 18390 20781 

evaluations  
of

 

3440 3424 3698 3678 4156 

a) Random Initial Population ( ) 
 

Prob. of 
success 0.83 0.68 0.77 0.69 0.70 

 62.33 75.65 64.93 64.04 76.92 

 58.55 84.09 64.15 70.22 72.63 

evaluations  
of 

 

9350 11347 9739 9607 11538 

evaluations  
of

 

2370 2769 2447 2421 2807 

b) Initial population generated by the representation( ) 
The results for the Ackley’s function are given in Tables 

4 and 5. 
Table 4 – Ackley’s function (n = 20, RPOP) – no random 

perturbation (nr = 0) 
 GD FR DFP BFGS PR 
Prob. success 1 1 1 1 1 

 41.9 59.93 44.3 44.91 77.54 

 18.88 31.74 19.42 18.66 46.40 

evaluations  
of 

 

3142 4494 3322 3368 5815 

evaluations 
of

 

1257 1797 1329 1347 2326 

a) Random Initial Population ( ) 
 

Prob. of 
success 1 1 1 1 1 

 23.44 44.89 29.86 28.15 45.36 

 9.88 20.77 14.63 15.70 22.62 

evaluations  
of 

 

1758 3366 2239 2111 3402 

evaluations  
of

 

953 1596 1145 1094 1610 

b) Initial population generated by the representation( ) 
 

Table 5 – Ackley’s function (n = 10, RPOP) – no random 
perturbation (nr = 0) 

 GD FR DFP BFGS PR 
Prob. of 
success 1 1 1 1 1 

 18.59 29.76 19.42 20.84 24.7 

 6.75 19.23 8.84 8.57 13.23 

evaluations  
of 

 

1394 2232 1456 1563 1852 

evaluations  
of

 

557 892 582 625 741 

a) Random Initial Population ( ) 
 

Prob. of 
success 1 1 1 1 1 

 8.76 16.42 9.74 8.57 14.53 

 7.98 10.27 8.33 7.01 11.30 

evaluations  
of 

 

675 1231 730 642 1089 

evaluations  
of

 

512 742 542 507 685 

b) Initial population generated by the representation( ) 
 

5.3. Tuning of the main parameters 
 
In order to verify the robustness of the algorithm and the 

simplicity of tuning, the effects of the variations of the main 
parameters   np, αmax, ρ, ω  and ns  have been studied:   
 
5.3.1. Size of the population 

 
The tuning of the size of the population np was easy: 

good results have been obtained in all the situations for np ≥  
5.  

For instance, let us consider the situation where the 
search region is a disk of radius r = 100; ρ = 100; ntirm = 
150; τ = 10; kmax = 50; ns = 5; nr = 50; ω = 0.01; αmax = 
1; the descent method is  GD. The results obtained are given 
in Fig. 2 and confirm the observation.  
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Fig. 2 – Influence of the population size (Ackley’s function) 
 

In Table 6, we present the results for different values of 
np and ρ.  The search region is a disk of radius r = 10 and 
we use ntirm = 100; τ = 10; kmax = 50; ns =10; nr = 30; ω 
= 0.05; αmax =1. The descent method is GD and the projec-
tion method is RPOP. As expected, increasing the size of 
population increases the probability of success. 
 

Table 6 – Probability of succes for different 
values of np and ρ 

Ρ 0,1 0,5 1 5 10 100 
np = 5  1 0,88 0,74 0,60 0,60 0,59 

np = 30 1 1 1 1 1 1 
 

 
5.3.2. Maximum step size αmax 

The tuning of the step size αmax has shown to be easy: 
good results have been obtained in all the situations for   
αmax ≥  1.  

For instance, let us consider Davis’s function decentered 
the situation where the search region is a disk of radius r = 
100; ρ = 1; np = 5; ntirm = 50; τ = 10; kmax = 30; nr = 30; 
ns = 10; ω = 0.01; the descent method is  GD. The results 
obtained are exhibited in Fig. 3 and confirm the observation. 
For ρ superior to 3.5, the probability of success is constant 
and it equals to 1. 

 

 
Fig. 3 – Influence of the parameters αmax (Davis) 

 
5.3.3. Standard Deviation ω used in the random 
perturbations 
 

We have analyzed the influence of the standard devi-
ation ω, used in the random perturbations. For instance, Fig. 
4 shows the results concerning the Schwefel’s function in 

dimension n = 5 for an initial population formed of purely 
random points, without use of the Representation Formula 
(thus, ntirm = 0). The search region is rectangular with 

= -500 and  = 500 and we use np = 5; kmax = 30; 
ρ=20; ns = 5; nr = 50;  αmax = 1. The descent method is the 
GD and the projection method is SOP. We observe that the 
probability of success increases with the standard deviation. 

  

 
Fig. 4 – Influence of the standard deviation ω 

with  (Purely random) 
 

The use of the  (Representation) has led to an im-
provement: the probability of success has been equal to one 
for all the values of ω. The speed of convergence has also 
increased with ω. 
 
5.3.4. Number of substeps ns used in mutations 
 

The tuning of ns has shown to be easy: good results have 
been obtained in all the situations for values superior to 2.  

For instance, let us consider the situation where the 
search region is rectangular with = -500 and  = 
500; n = 30; ntirm = 100; ρ =1; ω = 0.1; τ = 10; kmax = 30; 
nr = 10; αmax = 1; the descent method is GD. The results 
obtained are exhibited in Table 7 and confirm the observa-
tion (Griewank’s function). 

 
Table 7 – Influence of the number of the substeps ns used in 

mutations 
 ns=1 ns=2 ns=3 ns=6 ns=13 ns=17 

Prob. 
of success 

0 0,99 1 1 1 1 

 ----- 22,13 15,12 8,94 5,24 4,38 

 ----- 2,60 2,04 1,40 0,84 0,52 

evaluations 
of 

 

 663 680 804 1021 1116 

evaluations 
of

 

 4483 3221 2109 1443 1288 

 
 
5.3.5. Standard deviation ρ  
 

The tuning of the standard deviation ρ has shown to be 
easy: good results have been obtained in all the situations 
for 0.1 ≤ ρ ≤ 100 (see Table 6 for examples of results). 
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5.4. Choice of g  
 

The different choices of the function g have led to simi-
lar results, for a wide range of values of the parameters ν, γ, 
θ.  In our experiments,ν, γ  had varied in a interval mesh of 
0.5 defined in a rectangle [0.5, 5] x [0.5, 5] and  τ = 10, θ = 
5 fixed. 

Let us consider the situation where the search region is a 
disk of radius r = 100; np = 5; ntirm = 100; kmax = 50; ns 
= 10;  nr = 30; αmax = 1; ω = 0.1.  The descent method is 
GD. Table 8 shows the results furnished by the method for 
various functions g. The results for each choice of g are sta-
ble (small standard deviation) and Eq. (27) has been more 
performing, but its results are very close to those of Eq. 
(28). 

 
Table 8 – Impact of  g  – (Griewank, n = 10) 

 Eq. (25) Eq. (27) Eq. (28) 
Probability of success 1 1 1 

 2,92 2,05 2,09 

 0,27 0,035 0,039 

evaluations of 
 

438 307 313 

evaluations of
 

1901 1484 1503 
 

The results concerning the Rastringin’s function are 
shown in Table 9.  The results are analogous. 

 
Table 9 – Impact of  g  – (Rastringin, n = 5) 

 Eq. (25) Eq. (27) Eq. (28) 
Probability of success 0,53 0,54 0,60 

 35,33 34,15 34,20 

 3,23 2,30 2,74 

evaluations of 
 

5299 5122 5130 
evaluations of

 
17458 16892 16916 

 
6. Calibration of the model of competitive 
destinations  
 
6.1. Set of initialization parameters and data 
 

In order to evaluate the efficiency of the numeric meth-
ods in the calibration of the Fotheringham model, a set of 
hypothetical data presented by Kühlkamp[22] has been 
used. These data involve 30 traffic zones and has been often 
used to analyze the intervening opportunities model. 

We compare the proposed numeric procedure ERPG-RF 
(Evolutionary version of the Random Perturbations of the 
Gradient – Representation Formula) to the evolutionary 
strategy of (Diplock[10]), denoted by EDO, where an evolu-
tionary strategy involving a quasi-Newtonian method and a 
basic generic algorithm is used for the calibration of the 
Fotheringham model. The work (Diplock[10]) mentions that 
one of the reasons for the choice of the evolutionary strategy 
was the work developed by Schwefel[29] that verified, in an 
empiric way, the good performance of this strategy, when 
compared to eleven conventional optimization methods out 
of twenty eight test problems. According to Diplock[10], the 
same good performance of this method has been observed in 

the calibration, which motivates his use to get a comparison 
with the ERPG-RF approach. 
 
The algorithm EDO reads as follows: 

Evolutionary Strategy algorithm (Diplock[10]): 
• Step 1: Identify initial parameter values and 

standard deviations for the parent. 
• Step 2: Generate new parameter values for a 

descendant by mutation; this involves adding 
pseudo-random numbers drawn from a normal 
distribution centered on the parent values with 
a given standard deviation. 

• Step 3: If the descendant performs better than 
the parent, then it becomes the parent for the 
next generation. 

• Step 4: Repeat steps 2 and 3 for n mutations 
and count how many improved values have 
been found over the preceding 10n mutations. 
If greater than 2n, then reduce the standard de-
viations by 0,85; else, increase them divide by 
0,85.  

• Step 5: Return to step 2 until no change occurs 
over 10n mutations on two consecutive occa-
sions. 

 
The tests using the ERPG-RF method involve as search 

region a disk of radius  r= 10;  np = 5;  ρ = 1; ntirm = 100; 
τ = 10; kmax = 50; nr = 5; αmax = 0.7; ω = 0.1; descent 
method: GD. The iterations have been stopped at the fixed 
maximal iteration number  

For EDO, a random population of 100 elements is gen-
erated and is used in the mutation phase.  

An extensive set of tests for both methods has been exe-
cuted, varying parameters, such as population size, standard 
deviation, among others.  
 
6.2. Analysis of the obtained results 
 

The executed tests verified, among other things, the 
number of evaluations of the function, the function value 
evolution, according to the applied numeric method and the 
influence of the Representation Formula in the performance 
of the ERPG-RF method.  

 
Table 10 – Parameters estimated by minimizing F 

defined by Eq. (9) 
    value of F 

ERPG-RF 0,08 0.12 2.48 10679.30 
EDO 0,04 0,12 2,29 10896,86 

 
Table 10 presents the parameters obtained by minimiz-

ing the objective function given in Eq. (9). It is observed 
that the optimal values obtained by both methods are very 
close.  

Nevertheless, the behavior of the methods is not the 
same, as shown in Fig. 5. We can notice that the ERPG-RF 
method presents a better performance, considering that the 
function optimal value is reached in a significantly smaller 
number of iterations. In addition, the ERPG-RF method uses 
a smaller population. It is known that a good initial popula-
tion, linked to the method robustness, brings the necessity of 
a smaller number of evaluations of the function.  
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Fig. 5: Minimal value of the function at each interaction 

(Eq. 9) 
 

The good performance of the ERPG-RF method in the 
calibration of the competitive destination models, presented 
in this study, was also verified in an application of the op-
portunities gravitational model (Bez[8]), according to what 
we’ll see in the next section.  
 
7. Calibration of the gravity-opportunity 
model 
 
7.1. Set of initialization parameters and data 
 

We have tested the method on 4 data sets: three sets of 
real data and one set of simulated data. The first set of real 
data comes from the region of Londrina, Brazil, which is 
divided into 12 traffic zones (Almeida[1]). The second one 
corresponds to a region that includes part of the State of 
Santa Catarina, Brazil, divided into 77 zones (Gon-
çalves[16]). The third ones is a subset of the previous re-
gion, corresponding to 44 zones of particular interest (Gon-
çalves[16]). The set of simulated data is defined on a region 
divided into 30 zones (Kühlkamp[22]). 

All the experiments performed use the following set of 
parameters: np = 2; ntirm = 100; nr = 5; ρ = 0.5; ω = 0.02; 
αmax = 0.7. Furness iterations have been stopped when either 
the corresponding iteration number j has reached a pre-
scribed maximum value jmax = 100 or the value of the ob-
jective function has attained : . 

 
7.2. Analysis of the obtained results 
 

The objective function under consideration is non-
convex, as we can see in the Fig. 6 and 7.  

 
Fig. 6 – Surface section : straight line   in 

the interval [0,009; 2] – 77 zones (Gonçalves[18]) 
 

 
In the Fig. 8, we can notice the difficulty in minimizing 

this function, by using the hypothetical data set generated by 
Kühlkamp[22], characterized by the large variations of its 
derivatives in a interval mesh of 0.001 defined in a rectangle 
[0, 0.07] x [0, 0.07]. 
 

 
Fig. 7 – Function defined by the Maximum Likelihood crite-

ria (Bez[6]) 
 

In the study developed by Gonçalves[19], the ERPG 
(Evolutionary version of the random perturbations of the 
gradient) algorithm was applied to the hybrid gravita-
tional/intervening opportunities model (Gonçalves[16]). The 
variation of the parameters, such as the population size, ran-
dom perturbations added to the gradient method, number of 
iterations, definition of the error (Gonçalves[19]) to be ap-
plied to the Furness method, among others, have been tested 
and evaluated. In practice, the Furness iterations are stopped 
at a given finite number of iterations (Gonçalves[19]). In 
this study, a maximum number of 100 iterations has been 
considered. 

 

 
Fig. 8 – Function defined by the maximum verisimilitude 

criterion – 30 zones 
 

In the application of the proposed method in this study, 
the same good performance, verified in the tests applied to 
the classic functions, was confirmed in the calibration of the 
gravity-opportunity model (Gonçalves[16]). The application 
of the Representation Formula in the improvement of the 
initial population has led to a better convergence speed. In 
the Table 11, we can observe the average value of the func-
tion, obtained after the execution of 100 runs, with or with-
out the use of the Representation Formula. The Table 11 
uses ρ = 0.5 and ntirm = 100. The results show the signifi-
cant drop of these values obtained by the application of this 
Formula.  
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Table 11 – Mean optimal value of the objective function 
given by Eq. (15). 

 Gonçalves[16] 
77 zones 

Gonçalves[16] 
44 zones 

without RF 70745.27 11178.77 
with RF 22.94 7.96 

   
 Almeida[1] 

12 zones 
Kühlkamp[22] 

30 zones 
without RF 257.27 52648.36 

with RF 1.13 43.32 
 

The use of the Representation Formula in the improve-
ment of the initial population, contributed for the increase in 
the convergence speed, causing a less number of iterations 
and, as consequence, the reduction of the number of func-
tion evaluations, as we can verify in the results presented in 
the Table 12. 

The values of the Table 12 were determined after the ex-
ecution of 100 tests, performed with every data set. 

 
Table 12 – Mean number of function evaluations  

given by Eq. (15). 
 Gonçalves[16]   

77 zones 
Gonçalves[16] 

 44 zones 
without RF 8800 6720 

with RF 5960 2120 
   
 Almeida[1]  

12 zones 
Kühlkamp[22]  

30 zones 
without RF 1960 3720 

with RF 1160 2440 
 

In the Fig. 9, we can observe the performance of the 
numeric procedure, with or without the use of the Represen-
tation Formula and, with or without the use of the optimal 
step. The best performance of the method is evidenced when 
we use the Representation Formula and the optimal step in 
the procedure. Then same tests were applied to all the data 
sets used and the obtained results presented the same ten-
dency. 

 
Fig. 9 – Influence of Eq. 22 and of use of the optimum step 

in the gradient method - Set of data with 44 zones 
 
8. Conclusions  
 

In this study, a stochastic global optimization procedure, 
of the evolutionary type, was presented, by using descent 

methods in the mutation phase and the Representation For-
mula of the global optimum in the determination of the ini-
tial population. 

The initial population is one of the significant param-
eters for the performance of evolutionary methods and the 
use of the Representation Formula has shown to furnish an 
improvement. The random perturbations of the deterministic 
descent methods considered have shown to be effective in 
the mutation step, enhancing the speed of convergence and 
preventing from convergence local minima, excepted New-
ton’s method. 

The experiments have shown that different choices of g 
are possible, according to Souza de Cursi[33]: similar re-
sults have been obtained for the functions considered. 

Another fact to be emphasized was that, in most of the 
cases, when the Representation Formula was used in the 
improvement of the initial population, there was no need to 
use a big number of individuals (points), this way avoiding 
an excessive number of function evaluations and, as a result, 
the increase of the processing time.  

We verified that the proposed method showed itself as 
being efficient when compared to the evolutionary strategy 
presented by Diplock[10]. The use of the Representation 
Formula in the improvement of the initial population was 
one of the causes of this success. 

In the process of calibration of the Gonçalves model, the 
use of the Representation Formula in the improvement of 
the initial population, caused the individuals to be posi-
tioned closer to the global optimal point location region and, 
thus, causing a reduction in the number of iterations and, as 
a consequence, a small number of functions evaluations.  

With the results obtained in the tests executed in the 
calibration of the Gonçalves model, it was possible to de-
termine, in an empiric way, a default set of parameters for 
the method, which makes it more attractive to be used by 
professionals of the transportation and planning areas. 
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Appendix 1 – Proof of the main results. 
 
Proof of the Theorem 4.1:  
1. We have  

 
Thus,  

    (A1) 

 
2. Let  and . Then 

 

 
and we have  



98  International Journal for Simulation and Multidisciplinary Design Optimization 

 

 
3. Moreover  

 

 
and, from Eq. (20) : 

  
Thus,  

 

 
and  

 

 
4. Since  

  

and  
  

we have  

  

 
5. This inequality combined to Eq. (21) yield that  

  

Thus  

  

and we have  

  

 
6. By taking the limit for  in Eq. (A1), we have  

 

 
and we have the result.  

The proof of the proposition 4.2 needs the following auxil-
iary result: 
 
Lemma A.1. Let  be such that 

. Then 

       
(A2) 

and 

                
(A3) 

Moreover, 
            (A4) 

 
If , then   

are strictly positive, decreasing, continuous. Moreover, 

       
(A5) 

     
    (A6) 

 
Proof of the Lemma A.1:   
1. Since  is strictly increasing  and  x verifies 

(8), we have  
.                  (A7) 

 
2. (A5) shows that . Assume that : 

then there exists a sequence  such that  

  

 
Since  is closed bounded, this sequence has a cluster 
point . We have , since . More-

over, the continuity of  implies that 
. Since  is strictly in-

creasing, we have , what is in contradic-
tion with the uniqueness of x. Thus, and 

, what establishes (A2). 

 
3. (A6) implies also that . Assume that 

: then  

. 
 
Since  is strictly increasing, this implies that 

 
 
Thus, (8) implies that: , what is 
in contradiction with the uniqueness of x. Thus, we 
have (A3).  
 

4. (A4) is a consequence of the continuity of . 
 
5.  are strictly positive, 

decreasing, continuous, since h  is  continuous, strictly 
positive and strictly decreasing on (0,+∞), while  is  
continuous, strictly positive and strictly increasing on 
(F(x),+∞).  

 
6. Since, for , 



 E.T. Bez et al.: A procedure of global optimization and its application to estimate parameters 99 

 
 

 
and h is strictly decreasing, we have 
 

 . 

 
7. Analogously, for , 

 
 

 
Thus, using that h is strictly decreasing, we have 
 

 .  

 
Proof of the Proposition 4.2:   
1. Let  be such that . From (A5): 
 

 

 
Since , we have 

  

 
2. Let  be such that . Since g > 0, we have  

. 

 
Thus, (A6) implies that 

 
 

 
Since , we have 

  

 
3. From  (A2) and (A4), there exists η > 0  such that         

0<m(η)<θ(ε). Thus, (23) applied to  

 
and  yields that 

 

 

 
4. Thus, we have (20) and (21) and all the requirements of 

the theorem 4.1 are fulfilled, what establishes the result.  
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