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Abstract –In this paper, the bending and dynamic responses of sandwich panels with the size variation of different sand-
wich cores and the homogenized cores are analyzed numerically, including the hexagonal and rectangular cores, the square 
and rhombic cores and the circle and X-shape corrugated cores. In dependence on the ratio of the span dimensions to thick-
ness, the laminate plate theory is also adopted for the static and dynamic analysis of sandwich panels with the homogenized 
cores. The computational results demonstrate the influencing rule of size variation of unit cells in the sandwich core on the 
bending and dynamic response of sandwich panels. 
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1 Introduction 
A typical sandwich panel is composed of the upper and 

lower skins and a lightweight core. Common patterns of 
sandwich cores, e.g. foam, truss, honeycombs and corru-
gated cores [1-4] are shown in Fig.1. Different detailed 
structural forms are involved such as the foam cores with the 
open or close cells, different truss configurations, honey-
comb cores and the corrugated core with different shapes. 
Moreover, attractive properties like high specific stiffness 
and strength, high impact energy absorption, sound damping, 
electromagnetic wave absorption, thermal insulation and non 
combustibility [5-7] can be obtained. Therefore, sandwich 
panels are extensively used in the aerospace, building, au-
tomobile, package, and shipbuilding industries. 

     
(a) Foam cores       (b) Truss cores 

     
(c) Honeycomb cores   (d) Corrugated cores 

Fig. 1. Sandwich panels with the different cores 
 
 

Most studies on the sandwich panel presently focus on the 
following two aspects. Firstly, various kinds of methods 
involved in the homogenization method, the analytical me-
thod and the experimental method are pursued to obtain the 

effective properties of sandwich panels with the different 
cores. Buannic et al. [8] computed the effective properties of 
sandwich panel with the corrugated core with the homogeni-
zation method and derived the equivalent Kirchhoff-Love 
and Reissner-Mindlin homogeneous plate. Meraghni et al. [9]
developed three approaches of finite element analysis, ana-
lytical study and experimental tests to determine the me-
chanical properties of the honeycomb and tubular cores for 
sandwich panels. Xu and Qiao [10] applied the multi-pass 
homogenization technique to solve the equivalent stiffness 
of the sandwich with the skin effect. Hohe and Becker [11] 
used a strain energy-based representative volume element 
procedure for the determination of the effective properties of 
two-dimensional cellular sandwich cores with arbitrary cell 
topology and geometry. Xue and Hutchinson [12] proposed 
a valid constitutive model for quasi-static deformation of 
three kinds of metallic sandwich cores. Secondly, structural 
responses of sandwich panels including the bending, impact, 
vibration and bulking responses are evaluated. Romanoff 
and Varsta [13] evaluated the bending response of web-core 
sandwich plates by transforming an originally discrete core 
into an equivalent homogenous continuum with the effect of 
thick-face-plates considered. The equivalent stiffness prop-
erties of the plate are determined by analytical formulations. 
Glenn and Hyer [14] developed a theory to predict the out-
of-plane deflections of sandwich plates. Paik et al. [15] in-
vestigated the strength characteristics of aluminum sandwich 
panels with aluminum honeycomb core. Koissin et al. [16] 
addressed the elastic response of sandwich panels to local 
static and dynamic loading. Meo et al. [17] made an experi-
mental investigation and a numerical simulation on the im-
pact damage over a range of sandwich panels. They revealed 
the load distribution in damaged sandwich structures and 
studied the failure mechanisms of such a structure in the 
presence of impact damage. Pokharel and Mahendran [18] 
investigated local buckling behavior of sandwich panels 
using experimental and finite element analysis. Frostig and 

 

Article available at http://www.ijsmdo.org or http://dx.doi.org/10.1051/ijsmdo/2009013

http://www.ijsmdo.org
http://dx.doi.org/10.1051/ijsmdo/2009013


International Journal for Simulation and Multidisciplinary Design Optimization                             371 

 

 presented a closed-form solu-
tio

res, the bending and dynamic 
re

 

dynamic responses of sandwich panels with 
the different size honeycomb cores and the homogenized 

ns are drawn and further works 

Thomsen [19] presented free vibration analysis of sandwich 
panels with a flexible core based on the high-order sandwich 
panel theory. Chang et al. [20]

n based on the Mindlin-Reissner plate theory to describe 
the behavior of corrugated-core sandwich plate bending with 
various boundary conditions. 

The above-presented researchers and many others have 
carried out plenty of outstanding and in-depth studies on the 
sandwich panel. However, few attentions are paid on the 
size effect on the mechanical properties of the few of the 
sandwich cores. Tekoglu and Onck [21] pointed out that 
mechanical properties of cellular materials depend strongly 
on the specimen size to the cell size ratio. The size effect 
was addressed by Onck et al. [22] for the in-plane elastic 
constants of hexagonal honeycombs based on the finite ele-
ment modeling and experimental tests. Recently, Dai and 
Zhang [23] studied size effects of the 2D basic cell of sand-
wich beams in a systematic way and demonstrated the im-
portance of size effect theoretically and numerically. There-
fore, it’s necessary to further explore the size effect of 3D 
sandwich core in analyzing the mechanical response of 
sandwich panel. In this paper, by varying the size of the unit 
cells composing sandwich co

sponses of the sandwich panel are evaluated and compared 
by using the analytical and numerical methods on the basis 
of homogenization method.  

The rest of this paper is organized as follows: in Section 2,
the homogenization method and classical laminate plate 
theory are introduced simply. In Section 3, the bending res-
ponses of sandwich panels with the different size honey-
comb and corrugated cores are computed numerically. And 
also, the laminate plate theory and the finite element method 
are adopted to analyze their bending responses based on the 
effective sandwich cores predicted by the 3D homogeniza-
tion method. In Section 4, we also analyze numerically and 
theoretically the 

cores. In Section 5, conclusio
are pointed out. 

2 Basic formulation 

2.1 Homogenization method 

The homogenization method is based on a two-scale 
asymptotic expansion of material behaviors with periodic 
unit cells. The overall properties of an elastic body can be 
des  consideri  two different scales: the macros-
copic or global level x, and the microscopic or local level y. 
The global level x is related to the local level y 
by /y x

cribed by ng

ε= , where ε  is a very small positive num
Using a double-scale asymptotic expansion, the disp

ber. 

men

ng Eq.(1) into the virtual displacement equation 
of the e terms 
with th

lace-
t field can be written as: 

 ( ) ( ) ( )0 1 1 2 2, , ,u u x y u x y u x yε ε ε= + + +L  (1) 

Introduci
general elasticity problem and equating th
e same power of ε , after a series of derivation, it 

yields, 

 
1 kl

p
ijkl ijkl ijpmY

mY y
χ⎛ ⎞∂

⎜ ⎟∂⎝ ⎠
∫

where 

( ) dE E Y= −HE x  (2) 

H
ijklE  represents the equivalent homogenized elas-

tic modulus. Y  denotes the volume of the unit cell. klχ  is 
a Y-pe
lo
in
cond

riodic admissible displacement field associated with 
 case kl, which can be obtained from the foll
ral equation over the unit cell with periodic bou
itions. 

ad owing 
teg ndary 

 
kl
p i

ijpq ijklY Y
q j j

v viE dY E dY v Y
y y y
χ∂ ∂ ∂

= ∀ ∈
∂ ∂ ∂∫ ∫  (3) 

where v is set to be a admissible arbitrary displacement 
field. Numerically, klχ is computed over the unit cell by the 
FE analysis in which the corresponding loads are obtained 

aterial properties along the 
interfaces between distinct constitutive phases. The detailed 
co

 assumption of the laminate plate theory 
that the lin e laminate 
rema ed surface as 
well. The 
minate plate are: 

as the discontinuity of elastic m

ncepts and derivation are seen in Ref. [24, 25]. 

2.2 Laminate plate theory 

A sandwich panel can be considered as a multi-layered 
plate when the sandwich core is homogenized by using the 
homogenization method. Therefore, the laminate plate 
theory [26, 27] can be used to analyze its bending response. 
According to the

es perpendicular to the surface of th
in straight and perpendicular to the deform

functional forms of the displacements for the la-

 
0( , , ) ( , ) ( , )u x y z u x y z x y=

0

0

( , , ) ( , ) ( , )
( , , ) ( , )

v x y z v x y z x y
w x y z w x y

α

β

+

ments of the mid-
plane (that is, th of the laminate 
plate on x, y an  
in e first two
lineal element. In cla

= +
=

 (4) 

where u0, v0 and w0 are the displace
e x-y plane in Fig. 2 below) 

d z direction respectively.
 equations are related to t

ssical plate theory,  

 The second terms
 th he rotations of the 

 ,
w w
x y

α β
∂ ∂

= − = −
∂ ∂

rium equations for the three di
 written as follows: 

 (5) 

The equilib mensional elas-
ticity can be
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 stress 
s (Q) 

In classical laminate plate theory, we define and use
resultants (N), stress couples (M), and shear resultant
for the overall plate. 

/2 /2

/2 /2
,

x x

y y x x
h h

xy xy y yh h

N

N M

x xz xy xy

y yz

N dz M zdz

σ
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= =

⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪ ⎪ ⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎪ ⎪ ⎪ ⎪
⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬∫ ∫

Q M

Q

σ σ

σ

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪
⎩ ⎭ ⎩ ⎭⎪ ⎪ ⎪ ⎪

⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭

Then the body force items (Fx , Fy , Fz) are neglected. It is 
further assumed that the plate is composed of a laminated 
composite material that is 

 (7) 

mid-plane symmetric. From Eq.(6) 
and Eq.(7) thro  term across each 
layer, the plate equ
plate can be ex

ugh integrating term by
ilibrium equations for

pressed as 
 the bending of the 

 0xyx
x
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Q

x y
∂∂

+ − =
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 (8) 
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y
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∂ ∂
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 (9) 
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q
generate
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QQ ∂∂

x y∂ ∂

.(8) and Eq.(9) can be substituted into Eq.(
s 

E 10), which 

2 22
xyx
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From the following equation: 
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and accordin nd the relations 
am  displacem stresses of th
pl tain: 

12 22

g to Eq.(4) and Eq.(5) a
ents, strains and 

11 12
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ate, we ob
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re the principal material direct
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He ions (1, 2, 3) coincide 
the 
ple 

fo

=

with the x-y-z coordinate system. The ijQ  quantities are 
stiffness matrix quantities that have the following sim

rms by ignoring the fine accuracy. 
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te Eq.(13) and Eq.(14) into Eq.(11), which results Substitu
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4 4 4

11 12 66 224 2 2 4
2( 2 ) ( , )

w w w
D D D D P x y

x x y y
∂ ∂ ∂

+ + + =
∂ ∂ ∂

 (17) 

According to Eq.(17), the bending respo

∂

2

2

2

2

x

y

wk
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nse of a sandwich 
 
 

obtained by the Levy and Navier solution. 

3.1 San

u l c m (u-upper skin, l-
lower skin, c-core), and the material properties: 
Eu=El=2.0GPa, Ec=0.91GPa. These two honeycomb cores 
have the same volume fraction 26.53%. 

=8.770264E+06, =5H H

xz yz

G G

 (18) 

panel,
terms 

 except transverse shear deformation and coupling
subjected to a lateral distributed load P(x, y), can be

3 Bending responses of sandwich panels 

dwich panels with the honeycomb cores 

3.1.1 Hexagonal and rectangular cores 
Sandwich panels with the hexagonal and rectangular ho-

res, as shown in Fig.2, are simply supported on 
the left and right side. The line load P=100N/m is imposed 
on the center of the plate. The sandwich panel has the di-
mensions assigned as: width a=0.8865m, length b=1.5354m, 
thickness h = h = 0.0125m, h = 0.0375

neycomb co

 
Fig.2. Sandwich panel with hexagonal and rectangular 

cores 
 

The effecitive material properties of hexagonal honey-
comb core are obtained by the 3D homogenization method.  

=3.118352E+07, =3.116449E+07, =2.414286E+08H H H

x y zE E E

.272060E+07, =5.273506E+07HG

=7.818590E-01, =3.874876E-02, =3.872511E-02

xy yz xz

H H

xyv v vH
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The effecitive material properties of rectangular honey-
comb core are 

=1.714326E+08, =1.029486E+08, =2.414286E+08

=1.425520E+06, =3.840

H H H

x y z

H H H

xy yz

E E E

G G 819E+07, =6.499972E+07xzG

=2.119053E-02, =2.130228E-01, =1.279243E-01xy xz yzv v
 (19) 

According to the boundary conditions on those edges: w(x,
0)=0, w(x, b)=0, and My

H H Hv

 
(x, 0)=0, My(x, b)=0, Levy as-

sumed the fo ): a single infi-
ni  half range

llowing solution form of Eq.(17
 sine series: te

 
1

) ( )sinn
n

n xx
b

( ,w x y
πφ

=

= ∑  (20) 

The load ( , )

∞

P x y  is a panded in terms of a half 
range sine series. Then, by substituting Eq 0) into Eq.(17), 

n

lso ex

 ( )
.(2

the equation concerning xφ  is  Its solution is  obtained.

composed of the lar solution ( )
P

particu xnφ  and the homo-

genous solution ( )
H

xnφ  that has three different forms de-

pe ing on th
he total po

nd us directions. 
T

e relative plate stiffness in vario
tential energy is: 

 
0 2 2( , ) ( , )
a

b bU w x P x dx= ∫  (21) 

Via the calculation, the Levy solution converges when the 
expansion number n equals to 5. The maximum displace-
ment module is 2.94×10-4m, and the total potential energy 
is 2.44×10-2N·m for the hexagonal core. The maximum 
displacement module is 2.622×10-4m, and the total potential 
energy is 2.41×10-2N·m for the rectangular core. The de-
formation of sandwich panels is shown in Fig.3.  

(a) Hexagonal core b) Rectangular cores 

 the total potential 
r the rectangular core. The 
n Fig.4. 

 
s       (

Fig.3. Levy solution of sandwich panel with homogenized 
cores 

 
The bending response of the sandwich panel made of 

three-layered homogeneous media is obtained via the finite 
element software SAMCEF®. The maximum displacement 
module is 2.57×10-4m, and the total potential energy is 
2.139×10-2N·m for the hexagonal core. The maximum dis-
placement module is 2.499×10-4m, and
energy is 2.0885×10-2N·m fo
detailed deformation is shown i

   
               

Fig.4. FE solution of sand pane h
nized (a) hexagonal and (b) recta ore

dw s
 co

Number 

cells 

 

 v
sandwich panels 

(a)                     
wich 

     (b) 
l with the 
ngular c

omoge-
s 

Table 1. Bending defl
ferent si

ections of san
ze hexagona

ich panel
res 

 with dif-
l

of unit Different 
size cores 

Bending 
responses of 

sandwich 
panels 

Bending alues of 

Total Total 
potential 
energy 

potential 
energy 

1×1=1 
 

4.24E-2 6.19E-4 

2×2=4 
 

2.51E-2 3.37E-4

3×3=9 

 

 
2.26E-2 2.66E-4 

4=16 4×
 

2.18E-2 2.67E-4 

6×6=36 
 

2.14E-2 2.58E-4 

   (a) 

 (b) 
Fig.5 
acem

(a) ntial e y and (b) Maximum dis-
pl ent m n el 

 
. Bending defl d els

fere r c

Number 

cells 

 va
sandwich panels 

Total pote
odule of sa

nerg
dwich pan
core 

with the hexagonal 

Table 2 ections of san
nt size rectangul

wich pan
ores 

 with dif-
a

of unit Different 
size cores 

Bending 
responses 

of  
sandwich 

panels 

Bending lues of 

Total Total 
potential 
energy 

potential 
energy 
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1×1=1 
  

4.26E-2 6.87E-4 

2×2=4 
  

3×3=9 

 

2.26E-2 2.61E-4 

  
2.21E-2 2.59E-4

4×4=16 

 

  
2.11E-2 2.50E-4

6×6=36 

 

  
2.09E-2 2.49E-4 

The finite element models of sandwich panels with
fferent size hexagonal and rectangular cores are bu

 the 
di nd 
their e 1, 2 
an

ilt a
bending responses are analyzed as shown in Tabl

d Fig 5, 6.  

 (a) 

      (b) 
Fig.6. (a) Total potential energy and (b) Maximum dis-

placement module of sandwich panel with the rectangular 
core 

 
3.1.2 Square and rhombic cores 

Consider sandwich panels with the square and rhombic 
honeycomb cores as shown in Fig.7. All the four edges are 
simply supported. The uniform surface loading q=100N/m2 
is applied on the upper surface. The sandwich panel has the 
dimensions assigned as: a=1.1m, hu=hl=0.0125m, 
hc=0 e 
m e u l c
ho

The effecitive properties of the square honeycomb core 
are obtained by the homogenization method.  

7

06, =1.579339E+08

=4.45 5121E+07

=9.74 6E-03

z

xy

E

 (23) 

ccor
in t deflection, 
w( d the applied uniform loading, q(x, y), into a 
doubly in

 

.0375m (u-upper skin, l-lower skin, c-core), and th
rial properties: E =E =2.0GPa, E =0.91GPa. These two at

neycomb cores have the same volume fraction 17.35%. 

 
Fig.7. Sandwich panel with square and rhombic cores 
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The effecitive properties of the square honeycomb core 
are: 

=2.142905E+06, =2.149689E+H H H

x yE E

4896E+07, =3.305019E+07, =3.29
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A four edges, ding to the boundary conditions on the 
er approach we can simply expand the he Navi

x, y) an
finite half range sine series. 
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D a a

π∞ ∞

= ∑∑  (24) 
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1 1m n

( , ) sin sinmn
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q x y q

a a
π π∞ ∞

= ∑∑  (25) 
= =

where  

 
2

16 , , 1,3,5,...  (26) mn

q
q m n= =

mnπ

( )
4 2 4

11 12 66 2222 2
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D D D D D
a a a

= + + +⎛ ⎞ ⎛ ⎞ ⎛ ⎞
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 (27) 

The total potential energy is: 

 ( , ) ( , )
A

yU w x y q x dxdy= ∫∫  (28) 

Via the calculation, the Navier solution converges when 
the expansion number n is 7. The maximum displacement 
module is 1.687×10-5m, and the total potential energy is 
1.4×10-3N·m for the square core. The maximum displace-
ment module is 1.682×10-5m, and the total potential energy 
is 1.4×10 on of 
san

-3N·m for the rhombic core. The deformati
dwich panels for the detail is shown in Fig.8. 

 

 
(a) Square cores              (b) Rhombic cores 

Fig.8. Navier solutions of sandwich panels with homoge-
nized cores 
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(a) Square cores              (b) Rhombic cores 

Fig.9. FE solutions of sandwich panels with homogenized 
cores 

 
Likewise, the finite element models of sandwich
th the different size square and rhombic cores a

and their bending responses are analyzed as shown in Ta
4 and Fig.10, 11. 
Similar to the previous analysis, for this kind of

panel made of three-layered homogeneous media, th
um displacement module is 1.975×10-5m, and th
ential energy is 9.868×10-4N·m for the square co

maximum displacement module is 2.352×10-5m,
tal potential energy is 1.246839×10-3N·m for the r

. The deformation is shown in Fig.9. 

 panels 
wi re built 

ble 
3, 

 sandwich 
e max-

im e total 
pot re. The 

 and the 
to c 
core

hombi

 (b) 
1.  a axi -

placem  

Table  sandwich panel with dif-
re c

Number Different 

g v

 

   (a) 

(b) 
m dis-

 
 

Fig.10. (a) Total potential energy and (b) Maximu
placement module of sandwich panel with the square core

   (a) 

Fig.1
ent 

(a) Total pot
module of sa

ential energy
ndwich panel 

nd (b) M
with the rhom

mum dis
bic core

 
 

3. Bending deflections of
ferent size squa ores 

of unit 
cells size cores of  

sandwich 
panels 

Bending 
responses 

Bendin
sandwich pan

alues of 
els 

Total 
potenti

Maximum 
displace-al 

energy ment mod-
ule 

1×1=1 
 

1.2  8E-2 3.93E-4

2×2=4 
 

2

3×3=9 

.40E-3 0.43E-4 

 
1.58E-3

4×4=16 

 0.32E-4 

 
1.37E-3 0.25E-4 

6×6=36 
 

1.28E-3 0.24E-4 

 
Table fl dwich panel with dif-

 c

f unit Different 
 of sand-

wich pa-
nels 

 va

4. Bending de
fere

ections of san
nt size rhombic ores 

Number 
o
cells size cores

Bending 
responses 

Bending
sandwich pan

lues of 
els 

Total 
potential 

Maximum 
displace-

energy ment 
module 

1×1=1 
 

5.0E-3 1.78E-4 

2×2=4 
 

1.98E-3 0.36E-4 

3×3=9 
 

1.53E-3 0.28E-4 

4×4=16 
 

1.40E-3 0.26E-4 

6×6=36 
 

1.31E-3 0.25E-4 

 
3.1.3 Discussion 
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According to the figures and tables in the above two ex-
amples, it is found that bending response of sandwich panel 
tends to a limit case with the decreasing size of honeycomb 
core. This limit case is approximately the bending response 
of sandwich panel with homogenized cores with the same 
boundary conditions. At the same time, we also find that the 
coincidence between Levy solution and FE solution with 
homogenized hexagonal core s wor than that between 
Navier solution and FE solution with homogenized square 
cores. The reason lies in the fact that the ratio of the span 
dimensions to thickness ( /( )u c la h h h

s i se 

α = + + ) is 14.184 for 
the hexagonal core and 17.6 for the square core. According 
to the basic assumption of the laminate plate theory, the 
classical lamination theory is only valid for thin laminates 
with small displacement in the transverse direction [26]. 
Therefore, when the ratio α increases, the theoretical solu-
tion is closer to the finite element solution equally well with 
the homogenized core. 

Moreover, the bending deflection of sandwich panel with 
the rectangular cores is smaller than the hexagonal cores 
under the boundary condition of three points bending when 
the number of core unit cells rises or with the homogenized 
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find that the elastic moduli 
core. Comparing their effective elastic constants, we ca

H
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un n sandwich c e b per e 
of sandw ave the same volume 
fr
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th the square cor
th the four simply
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nt size circle core
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Bending 
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tures 
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energy 
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potential displace- 
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1×6=6  
 

1.26E2 8.64E-2 
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7.12E1 4.82E-2 

3×18=54  
 

6.45E1 4.36E-2 

4×24=96  
 

5.94E1 4.01E-2 

5×30=150  
 

5.35E1 3.6E-2 

6×36=216  
 

5.17E1 3.07E-2 

 
In this section, the bending responses of sandwich panels

with corrugated cores are analyzed with different sizes. Two 
forms of the cores i.e. the circle-core and the X-core are 
involved here. The boundary condition of three points bend-
ing is the sam

 

. The difference be-

ratio of the span dimension
(

e as Fig.2. The material properties of two 
sandwich panels are assigned as: Eu=El=2.0GPa for upper 
and lower skins, Ec=0.91GPa for cores
tween the two sandwich panels lies in that the simply sup-
ported sides are parallel to the extended direction of the unit 
cell for the circle-core, and vertical to the extended direction 
of the unit cell for the X-core. Here, only finite element so-
lutions with the different size cores and homogenized cores 
are obtained. The levy method isn’t adopted because the 

s to thickness of sandwich panels 
/( )u c lW h h hα = + + ) is 1.9 for circle core and 2.857 for X-

core. The laminate plate theory is no more applicable by the 
va dat

For t di-
mens  
thickn
skin

Th  by 
the ho

E+07

=8.938214E-01, =1.8911 E-03, =1.922768E-03H

xy

G G G

v v v
 (29) 
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li ion of examples in section 3.1.  

3.2.1 Circle-core 
he sandwich structure with the circle core, the 

ions are set to be: length L=2.4m, width W=0.8m,
ess hu=hl=0.01m, hc=0.40m (u-upper skin, l-lower 

, c-core). 
e effecitive properties of the circle core are obtained
mogenization method as follows. 

=4.388174E+05, =4.461644E+05, =6.961283H H H

x y zE E E

=5.557200E+05, =1.132639E+07, =1.132639E+07H H H

xy yz xz

H H06xz yz

Bending deflections of sandwich structure with th
zed core is shown in Fig.12. 

 
with Fig.12. Finite element solution of sandwich structure 

the homogenized core 
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 (a) 

 (b) 
Fig.13. (a) Total potential energy and (b) Maximum dis-

placement module of sandwich structure with the circle core 
 

the maximum disp umber of the unit 
cells that have been used in the sandwich core. 

3.2.2 X-core 
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Table 6. Bending deflections of sandwich structures wi
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1×4=4  
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3.17E-3 3.02E-5

4×16=64 

 

 
 

3.13E-3 2.94E-5
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omoFig.14. FE solution of sandwich structure with the h -
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Fig.15. (a) Total potential energy and (b) Maximum dis-
placement module of sandwich pan

 
As known from Table 5, Table 6 and Fig.12, Fig.13, 

Fig.14 and Fig.15, the bending responses of sandwich struc-
tures with both circle cores and X-cores similarly converge 

ose obtained with homogenized cores when th
b cores decrease. But the latter is faster a

re two reasons. On the one hand, the latte
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n regularity with the size effect that the ove
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ci

transverse shear defor

d 
y 

be written as 

 

men size to the cell size. The conclusion is also verified by 
Ref. [21]. 

4 Dynamic analysis of sandwich panels 

4.1 Dynamic analysis of laminate plate including 
mation 

As given in [26], for the laminate plate simply supporte
on all four edges, the solutions for the flexural vibration ma

 
1 1

( , , ) sin sin i t
mn

m n

m x n yw x y t C e
a b

ωπ π∞ ∞

= =

= ∑∑  (31) 

 
1 1

( , , ) cos sin i t
mn

m x n y
m n

x y t A e
a b

ωπ πα
∞ ∞

= ∑∑
= =

 (32) 

 
1 1

mn
m n

( , , ) sin cos i tm x n yx y t B e
a b

ωπ πβ
∞ ∞

= ∑∑  (33) 

s-
verse
terms are following 

= =

The governing differential equations including the tran
 shear deformation and neglecting the rotatory inertia 

2 2 2

11 66 12 662 2 ( ) 2 0wD D D D A
x y
α α β α∂ ∂ ∂ ∂⎛ ⎞+ + + − + =⎜ ⎟∂ ∂ 55x y x∂ ∂ ∂⎝ ⎠

 (34) 

2 2 2

66 22 442 212 66( ) 2 0D D D D A
x y x y y
α β β β∂ ∂ ∂

+ + + − + =⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠
 (35) 

w⎛ ⎞∂

 
2 2 2

55 442 2 22 2w w wA A h
x x y y⎝ ⎠ ⎝ ⎠

where h is the thickness of laminate plate and 

t
α β ρ

⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂
+ + + =⎜ ⎟ ⎜ ⎟∂ ∂ ∂ ∂ ∂

 (36) 

 1
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N

k k kh h
h

ρ ρ −= −∑  (37) 
1k=

( ) ( )3 3
1 1

1

5 4
3

N

ij ij
k

A Q h h h h
=

⎡ ⎤= − − −⎢ ⎥∑
 (38) 

ubstituting the so
ve ing equati
m us eq

11

13 23 33 0mn

L L

L L L C

⎤
⎪ ⎪

⎪⎩ ⎭⎩ ⎭⎣ ⎦
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1 , 4,5i j =

4 k k k kk − −
⎣

S 1)-Eq.(33)) into the go-lutions (Eq.(3
rn ts in a set of ho-
ogeneo

ons (Eq.(34)-Eq.(36)) resul
uations as follows 

 0⎨ ⎬
⎪

 (39) 
12 13 mnL A⎧⎡

12 22 23 mnL L L B⎪ ⎪⎢ ⎥ =⎨ ⎬⎢ ⎥
⎪ ⎪′⎢ ⎥

0⎫ ⎧ ⎫

where 2
33 33 mnL L hρ ω′ = − . 

The square of the remaining natural frequency can be ob-
tained by solving the above homogeneous equations. 

2 2 2
2 11 22 12 33 12 23 13 22 13 11 23

2
11 22 12

( ) 2
( )mn

L L L L L L L L L L L
h L L L

ω
ρ

− + − −
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−
 (40) 

where, m and n are the number of x and y axial half-
waves respectively. If /m m aλ π=  and /n n bλ π= , 

 2 2
11 11 66 552m nL D D Aλ λ= + +  (41) 

 12 12 66( ) m nL D D λ λ= +  (42) 

 13 552 mL A λ=  (43) 

 2 2
22 66 22 442m nL D D Aλ λ= + +  (44) 

 23 442 nL A λ=  (45) 

 33 552L A 2 2
442m nAλ λ+  (46) =

idth
th

core). The elastic moduli of the upper and lower 

 
(solid or black part). In ord

t r 
w

 0.00001kg/m3. 
he e

comb core

G G

 honey-
com

20E+09

exagonal honeycomb core is 

4.2 Sandwich panel with hexagonal and rectan-
gular honeycomb cores 

Sandwich panels with the hexagonal and rectangular ho-
neycomb cores, as shown in Fig.2, are simply supported on 

 The the four bottom edges.
el are following as: w

dimensions of the sandwich pan-
 a=0.8865m, length b=1.5354m, 

ickness hu=hl=0.01m, hc=0.03m (u-upper skin, l-lower 
skin, and c-
skins are 210GPa. The density is 7800kg/m3. For the core, 
the elastic modulus is 75GPa and the density is 2700 kg/m3

er to calculate the effective elas-
tic constan s of sandwich core, we assume that the void o

hite part is a very weak material: the elastic modulus is 
0.00001GPa and density is

T gonal honey-
ion method. 

ffective material properties of hexa
 are obtained by the 3D homogenizat
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x y z

H H H

E E E 6E+10
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The effective material properties of rectangular
b core are 

=1.412906E+10, =8.484773E+09, =1.989796

.174879E+08, =3.165510E+09, =5.3571

H H
y z

H H
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G G

E+10H
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x

HG
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 (48) 

And the effective density of 

H
xyv

h
following, 

( )( )cρ = 2d × 700 71voi oidS− × =

 t of whole h vo-

id is the area of void part. 

.4 .3T  

0.00001 6.3265TS vS+

 (49) 
TS

where ST is he area core in t e x-y plane and S

 S 4 0.7= × 677 0× 432 1= 611  (50)
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7S  (51) 

he 
vol honey-
com density 

 

( )8 0.5 0.2193 0.4387 0.3799 0.984void = × × + × =

Because these two honeycomb cores are identical with t
ume fraction, the effective density of rectangular 
b core is also 716.3265. The average of the mass 

across the thickness for sandwich panel is: 

(

1
1

1 7800 0.02 716.3265 0.03 3549.796
0.05

k k k
kh =

= × + × =

According to Eq.(40), the natural frequencies of san
with the homogenized hexagonal and rectan

cores are obtained in Table 7. 
 

Table 7. Natural frequencies with different m an
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273.55 474.42 803.88 873.4 1065.4 
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   (b) 

. Frequency variation of the first order vibration Fig. with 
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Fig.17. Frequency variation of the second order vibration 
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Fig.18. Frequency variation of the third order vibration with 

different size hexagonal and rectangular cores 
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Table 9. The second order vibration response with the dif-
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Table 12. The fifth order vibration response with the dif-
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4.3 Sandwich panel with square and rhombic 
honeycomb cores 

Consider a sandwich panel with the square and rhombic 
honeycomb core as shown in Fig.7. All the four edges are 

l-l

e core, 
 kg/m3 

 that the 

u
 ma-
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simply supported. The dimensions of the sandwich panel
assigned as: a=1.1m, hu=hl=0.01m, hc=0.03m (u-upper

 are 
 skin, 

ower skin, and c-core). Similar to the hexagonal core in 
the section 6.2.1, the elastic moduli of the upper and lower 
skins are 210GPa. The density is 7800kg/m3. For th
the elastic modulus is 75GPa and the density is 2700
(solid or black part). In the same way, we assume
void or white part is a very weak material: the elasti

lus is 0.00001GPa and density is 0.00001kg/m3. 
With the 3D homogenization method, the effective
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The effective material properties of rhombic honey
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e size of 
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agine th

Actually, the
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se cases are rea-
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s

terial distributions are 
 inm  num f

nit cell under the same ma erial amount and c nfigura-
tions of u
panels for
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nit cells. Th
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erefor
vibration is
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 improved
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n res  
different size squa nd rho bic cores 

of unit 
cell 
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sizes 
cores      
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Table 18. The fifth order vibration response with the dif-
ferent size square and rhombic cores 

Number 
of unit 1×1 2×2 3×3 4×4 5×5 

cell 
different 

cores 
sizes      

Fre-
quency  

Mode of 
sand-
wich 
panel 

1.79E+2 3.38E+2 6.47E+2 7.82E+2 8.51E+2

     

differen
si
c

t 
zes     ores  

quency .31E+2 

Mode of 
sand-
wich 
panel 

Fre- 1.81E+2 5.41E+2 8.39E+2 9.0E+2 9

     

 

obtaine ns-
verse  
core , 
which i atural 
frequencies for the two sandwi nels are listed in Table 7 
an

quare and rhombic cores is less than with 
homogenized hexagonal and rectangular cores. Similar to 

hickness 

In addition, the natural frequencies of sandwich panels are 
d with the laminated plate theory including the tra

shear deformation on the basis of the homogenized
s. The fundamental frequency occurs with m=n=1

s for one half sine wave in each direction. N
ch pa

d Table 13 with the different m and n. Variation of m has 
greater influence on natural frequencies than n for sandwich 
panel with the hexagonal and rectangular cores because m is 
the number of x axial half-waves corresponding to the short 
side. Variation of m and n has the same influence on natural 
frequencies for sandwich panel with the square and rhombic 
cores. By observing the Fig.16 and Fig.21, the deviation 
between the analytical solution and the FE solution with 
homogenized s

section 3.1, the ratio of the span dimensions to t
( /a hα = ) is 17.73 for the hexagonal and rectangular cores 
which is less than for the square and rhombic cores 
( 22α = ). Therefore, the laminated plate theory for dynamic 
analysis is also more applicable to the thin plate. 

 
Fig.24. Frequency variation of the fourth order vibration 

with different size square and rhombic cores 
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 cores are smaller than the rhombic cores. Howe
their natural frequencies obtained by the analytical metho
are very close. 

nam

ize of unit cells, the deformation and natu

d in analyzing the sandwich panel w

 

Fig.25. Frequency variation of the fifth order vibration 
with different size square and rhombic cores 

 
And also we compare the dynamic response of sandwich 

panels with the different configuration of sandwich cores 
and with the same volume fraction. The FE analysis results 
show that the natural frequencies of sandwich panels with 
the hexagonal cores are bigger than the rectangular cores. 
And the natural frequencies of sandwich panels with the 
square ver 

d 

5 Conclusions and further works 
In this paper, we analyzed the bending and dy ic res-

ponses of sandwich panels with the size variation of the dif-
ferent cores. Conclusions can be drawn as follows: (1) with 
decreasing the s ral 
frequency of the sandwich panel with different size cores 
tends to the one with homogenized cores. So the homogeni-
zation method is vali hen 
the number of core unit cells is many enough; (2) it is veri-
fied that the laminate plate theory is adapted to the static and 
dynamic analysis for sandwich panel with the homogenized 
sandwich core when the ratio α  of span dimensions t

ich pane

oundary

 dynamic responses are very close. The 

late theory. Therefore, in further 

es, the 

inary 

s, J.W. Hutchinson, Performance of sandwich 

s, M.P.F. Sutcliffe, Failure mode maps for ho-

vans, 

s 

 College, HiN, 2003). 

 80, 

omposite Structures, 

for structural sandwich 

ur-

neral cellular 

ethods in Engineering, 

 pa-
. Thin-Walled Structures, 35, 205–231 (1999). 

6. V. Koissin, V. Skvortsov, S. Krahmalev, A. Shilpsha, 
The elastic response of sandwich structures to local 
loading. Composite Structures 63, 375-385 (2004). 

17. M. Meo, R. Vignjevic, G. Marengo, The response of 
honeycomb sandwich panels under low-velocity impact 
loading. International Journal of Mechanical Sciences, 
47, 1301-1325 (2005). 

18. N. Pokharel, M. Mahendran, Finite element analysis and 
design of sandwich panels subject to local buckling ef-
fects. Thin-Walled Structures, 42, 589-611 (2004). 

19. Y. Frostig, O.T. Thomsen, High-order free vibration of 
sandwich panels with a flexible core. International Jour-
nal of Solids and Structures, 41, 1697-1724 (2004). 

20. W.S. Chang, E. Ventsel, T. Krauthammer, J. John, Bend-
ing behavior of corrugated-core sandwich plates. Com-
posite Structures, 70, 81-89 (2005). 

21. C. Tekoglu, P.R. Onck, Size effects in the mechanical 
behavior of cellular materials. Journal of Materials 
Science, 40, 5911-5917 (2005). 

22. P.R. Onck, E.W. Andrews, L.J. Gibson, Size effects in 
ductile cellular solids. Part I, modeling. International 
Journal of Mechanical Sciences, 43, 681-699 (2001). 

23. G.M. Dai, W.H. Zhang, Size effects of basic cell in static 
analysis of sandwich beams. International Journal of Sol-
ids and Structures, 45, 2512-2533 (2008). 

o 

sa

thickness of sandwich panel satisfies the requirement of the 
lamination theory; (3) the size effect of cores is very obvious 
and important for the structural response of sandw ls. 

61, 2205–2238 (2004). 
13. J. Romanoff, P. Varsta, Bending response of web-core 

sandwich plates. Composite Structures, 81, 292-302 
(2007). 

Special attention must be paid when the core number is 
small; (4) the more suitable configuration of unit cells in 
sandwich cores can be chose under the given b  con- 14. C.E. Glenn, M.W. Hyer, Bending behavior of low-cost 

sandwich plates, Composites, Part A, 36, 1449-1465 
(2005). 

dition and the analysis of structural responses. 
The above examples also show that the Navier solution of 

sandwich panels with the square and rhombic cores and the 
analytical solution of
influence of configuration of sandwich cores on the structur-
al response of sandwich panels cannot be reflected by using 
the classical laminate p
works, the high order laminate plate theory needs to be 
adopted in order to improve the analytical accuracy for 
sandwich panel with the homogenized cores. Besid
influence of size effect on buckling and thermal responses of 
sandwich structures can be further studied. And the new 
configurations of sandwich cores that possess extraord
properties are designed considering the integrated perfor-
mances of sandwich panels by the multi-objective optimiza-
tion. 
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