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Abstract – In this paper, topology optimization problems with three types of body forces are considered: gravitational 
force, centrifugal force and inertia force. All these body forces are design dependent as they vary with the redistribution of 
materials during topology optimization process. In this study, a total mean compliance formulation is used to produce the 
stiffest structure under both external and body forces. Sensitivity analysis is carried out by the adjoint method. Finally, de-
sign examples are presented and compared to show the effects of body forces on the optimized results. 
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1 Introduction 
Since Bendsøe and Kikuchi [1] studied topology optimiza-
tion problem using the homogenization method in 1988, to-
pology optimization has been applied to a variety of struc-
tural design problems. Following the traditional topology 
optimization formulation, boundary conditions of structure 
design problems including supports and applied loading must 
be given a priori, and they are kept invariant during the to-
pology optimization procedure. However, for many practical 
engineering problems, such as pressure loadings and body 
forces, the boundary conditions is design dependent, that 
cannot be fully determined until the optimal solution is 
reached. The special characteristics of design dependence 
make the application of traditional topology optimization 
approaches very difficult. Some attempts to solve design 
dependent topology optimization has been reported. Topol-
ogy optimization problems under incomplete supporting 
conditions were studied by Chickermane et al. [2] and Bhul 
[3]. Topology optimization with pressure loadings has been 
investigated by Hammer and Olhoff [4], Chen and Kikuchi 
[5], Fuchs and Shemesh [6], Zheng and Gea [7], and Sigmud 
and Clausen [8]. 

Another important class of design dependent loading ap-
plications is on structures with body forces, such as gravita-
tional force, centrifugal force and inertia force. They are very 
important to many mechanical or civil engineering applica-
tions. However, researches on the optimal structures with 
body forces are mostly on the structural profiles and publica-
tions of topology optimization with body forces are very lim-
ited. Optimal design under self-weight was first studied by 
Rozvany [9] for plastic design. Karihaloo and Hemp [10] 
presented the maximum strength/stiffness design of structure 
members in presence of self-weight by analytical method. 
Chern and Prager [11] reported the optimal rotating disk in 
terms of uniform strength for given radial displacement of 
edge. Huang and Fadel [12] applied shape optimization tech-
niques to the heterogeneous flywheel design. Turteltaub and 
Washabaugh [13] took into account body force when they 

studied optimal distribution of material properties for an elas-
tic continuum. Park et al. [14] studied the topology optimiza-
tion of primary mirror of camera under self-weight. Bruyneel 
and Duysinx [15] compared the efficiency of different meth-
ods used to solve the topology optimization problems under 
self-weight.  

In this paper, topology optimization problems with three 
types of body forces are considered: gravitational force, cen-
trifugal force and inertia force. For structural design under 
both external and body forces, a total mean compliance for-
mulation is used to produce the stiffest structure. This paper 
is arranged as follows: topology problem formulation with 
body force is described in the next section. Then, sensitivity 
analysis of mean compliance is discussed. Finally, four de-
sign examples are presented and compared. 

2 Problem formulation 
In a traditional topology optimization formulation, applied 
loads remain invariant even when structural topology 
changes. However, when body forces are included in the 
topology optimization formulation, the force term must be 
changing along with the changes of structural topology. As 
two schematic centrifugal force examples shown in Fig.1, 
body forces Fb are totally different between these two de-
signs because of the mass distribution difference, even they 
are rotating around axis z at the same speed ω. Therefore, in 
2 order to accurately formulate topology optimization prob-
lems with body forces, the applied forces cannot be treated as 
constant. 

 
Fig.1. Schematic examples of centrifugal forces 
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Body force is an external force acting throughout the mass 

of a structure. Three types of body forces are considered in 
this paper: gravitational force FG, centrifugal force FC, and 
inertial force FI. Considering the effective ρp of the porous 
material is linearly proportional to its volume density xp as: 
 

 0,p pxρ ρ=  (1) 

 
where ρ0 is the density of the base material. 

Then the gravitational force at a point p can be represented 
as: 
 

 0( ) ,G
p p p p pm v x vρ ρ= = =F g g g  (2) 

 
where g is gravitational constant and vp is the volume of the 
element. Similarly, the centrifugal force and inertial force are 
defined as: 
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0 ,C

p p p px v rρ ω=F  (3) 

 
and 
 

 0 ,I
p p px vρ= −F a  (4) 

 
where ω is the angular velocity and rp denotes the rotational 
radius, a is the acceleration of this point. From above three 
equations, we found all of these body forces are the functions 
of design variable xp. This implies that body forces are design 
dependent loads. 

Topology optimization problem for the stiffest structure 
can be formulated as to minimize the total mean compliance 
with a material volume constraint as follows: 
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where x represents the distribution of volume density in 
whole design domain; V is a predetermined upper bound of 
volume constraint. Finite Element Method is usually used to 
determine the relation between the forces and displacement 
during topology optimization process. Hence the stiffest 
structure problem formulated by Eq.(5) is transformed to the 
following numerical expression 
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where xi is the design variable of ith finite element cell; K is 
the global stiffness matrix; U is the displacement vector, N is 
the total number of the finite element cells, superscript T 
denotes the transpose operation. To solve the problem using 

a gradient based method, sensitivity analysis is needed and 
will be discussed in the next section. 

3 Sensitivity analysis 
Sensitivity analysis provides the search directions during 
optimization process. In this paper, the adjoint method is 
utilized to derive the sensitivity of the objective function Π. 
First, a new function Π* is constructed as 
 

 * ( ).T TλΠ = + −U KU KU F  (7) 
 

For a discrete model in finite element method, the relation 
of KU = F is always satisfied at static equilibrium condition. 
Hence, the value of Π* is the same as original function Π 
regardless the choice of λ. In here, λ is referred as the adjoint 
displacement field. 

By taking a first-order derivative on both sides of Eq.(7), 
the sensitivity of  Π* becomes: 
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In order to avoid the high computational cost of 
i

x∂ ∂U , 

the arbitrary adjoint displacement vector is set as λ = −2U. In 

this way, all terms which include 
i

x∂ ∂U  in Eq.(8) are 

cancelled and the sensitivity of Π* is reduced to the following 
form: 
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Using a spherical micro-inclusion model in topology 

optimization (Gea [16]), the effective Young’s modulus, Ep, 
can be written as 
 

 0( ) ,   0 1p p pE f x E x= ≤ ≤  (10) 

 
where E0 is the Young’s modulus of base material. Since the 
first term at the RHS of Eq.(9) can be obtained easily, our 
attention is focused on the second term.  
The applied forces F should include the external force Fe as 
well as the body forces, FG, FC and FI. The external force is 
normally considered as constant and its derivative with 
respect to design variables is zero. For the derivatives of 
gravitational force and centrifugal force, we can take 
derivatives on both sides of Eq.(2) and (3) as: 
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and  
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Since the inertia force may come from linear acceleration 

or angular acceleration, we need to discuss them separately. 
If the inertia force is caused by linear acceleration a, then its 
sensitivity is similar to that of gravitational and centrifugal 
body forces as: 
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On the other hand, if the inertia force is caused by a 

constant angular acceleration α, the driving torque T 
becomes a design dependent variable due to its relation with 
the moment of inertia I as: 
 

 ,Iα=T  (14) 

 
where T is external torque and I is the moment of inertia as: 
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where r i represents the rotational radius of the ith cell. We 
will use one example to illustrate this case in the next section. 
Once the sensitivity analyses of body forces are obtained, we 
can apply the Generalized Convex Approximation method 
[17] to solve topology optimization problem considering 
body forces. 

4 Numerical examples 

4.1 Example 1: Beam under self weight 

The first example is to find the stiffest design of a beam 
clamped at one end and under a given external traction force, 
as shown in Fig.2(a). A 30 by 60 finite element model is built, 
the upper bound of volume constraint is set to be 40% of 
total volume. If the self-weight of the structure itself is not 
considered, the topology optimization result is shown as 
Fig.2(b). The width of this beam keeps the same except the 
part near the traction force. When the self-weight is 
considered, the final optimal result is shown in Fig.2(d). The 
width of the profile of the structure gradually decreases from 
the top to the bottom of the design domain as well as the 
analytical solution shown in Fig.2(c) which is given by 
Karihaloo and Hemp[10]. The half width of the shape a(x) at 
the position x describes the shape of the analytic solution, 
and it is expressed as 
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Although analytical solution is provided for this 
optimization problem, most engineering problems 
considering body forces are not as simple as this one, their 
analytical solutions always cannot be found. Hence topology 
optimization method becomes very valuable to solve this 
type of problem. 

 
(a) Design domain (b) Not considering 

gravitational force 

 
(c) Analytical solution (d) Considering gravitational 

force 
Fig.2. Optimization design for hanging structure considering 

gravitational force 
 
 

4.2 Example 2: Supporting Bracket with Linear 
Inertia Force 

The second example is to show the effects from linear inertia 
force using a supporting bracket with linear inertia force. 
Two forces with the equal magnitude are applied at two top 
corners of the bracket and two bottom corners have fixed 
supports as shown in Fig.3. To demonstrate the effect from 
the inertia forces, the magnitude of external forces are 
comparable to that of the total inertia forces. Material volume 
used to design is set to be less than 50% of total volume. The 
design domain is discretized by 30 by 60 finite elements. 
When the structure does not move, the optimal result is 
shown in Fig.4(a), and all permitted volume of material is 
used to generate the support structure. However, when the 
structure moves with an upward  acceleration a, downward 
inertia forces are applying on all mass points in the design 
domain. The optimal result is shown in Fig.4(b). More 
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material are distributed to the areas near the two fixed 
supports as because of the additional inertial force. 

The most interesting thing is the mass volume used to 
design the structure in Fig.4(b) is only 46% of total volume, 
less than the upper bound of volume constraint. It means the 
volume constraint is not active for this case. The reason is 
there exists a compromise between two conflicting trends: 1) 
By adding as more material as possible to enhance the 
support structure, the work done by the external force will 
decreases; 2) The additional material will bring more inertia 
forces, then the total work done by the inertia force will 
increase. It is different from the traditional case in which 
more material means stronger optimal structure. 

 
Fig.3. Design domain 

 

 
(a)                            (b)  

Fig.4. Optimized structures with and without considering 
body forces 

 

4.3 Example 3: Four-leaf Fan 

In this example, a cyclic-symmetric four-leaf rotating fan 
with the rotating axis perpendicular to the plane of design 
domain is studied. As we discussed in the section of 
sensitivity analysis, if the moments of external forces are 
balanced, the whole structure will be in equilibrium state and 
have a constant rotation speed. On the other hand, if the 
moments are not balanced, the whole structure will be 
moving with an angular acceleration. We will study both 
cases in this example.  

A schematic of design domain is shown in Fig.5(a). A 
support is placed at the center of the design domain, and this 
support limits all degree of freedom except rotation one in 
the design domain plane. The rotation direction of the fan is 
set as counterclockwise. The driving forces Fd are applied at 
the eight black points around the center, as shown in Fig.5(b). 

The resistances on the leaves are simplified as four point 
loads Ft applied at the corners. The entire design domain is 
separated into A,B,C,D four parts. Since a cyclic-symmetric 
structure is designed, the four areas have the same support 
and loading boundary conditions. We only need to design the 
structure in area A, whose details are shown in Fig.5(b), then 
the whole structure can be assembled. A 50 by 50 finite 
elements model is constructed in area A. The material is 
limited to 30% of the total volume. 

 
(a) Design domain for a 
four-leaf revolving fan 

(b) Design domain for one 
leaf 

Fig.5. Design domain for a four-leaf revolving fan 
 

 
(a) Optimized single leaf 

without rotation 
(b) Optimized single leaf 

with ω = 50 rad/s 
  

  
(c) Optimized single leaf 

with α= 1 rad/s2, ω = 0 rad/s 
(d) Optimized fan without 

rotation 
  

 

  
(e) Optimized fan with 

ω=50 rad/s 
(f) Optimized fan with α= 1 

rad/s2, ω = 0 rad/s 
Fig.6. Optimized structures for single leaf and fan 
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First, a traditional minimizing mean compliance design is 

performed, no body force is considered in this static case. 
The final result is shown in Fig.6(a) and a cyclic-symmetric 
four-leaf structure is assembled in Fig.6(d). Second, the 
centrifugal force is considered when the fan is rotating at the 
speed of 50rad/s. The optimized leaf design is shown in 
Fig.6(b); and the cyclic-symmetric four-leaf fan is assembled 
and shown in Fig.6(e). Comparing with the previous design, 
this optimal structure changes the curvatures of upper and 
lower arches to balance the additional centrifugal force.  
The third one is about the design considering the influence of 
inertia force caused by constant angular acceleration. As 
shown in Fig.5(b), the design dependent driving force, Fd, 
must have the following relation as: 
 

 ,
3

t t
d

d

l I

l

α+= F
F  (18) 

 
where Ft and lt are the resistance and its moment arm, and 
both are constant; ld is the moment arm of the driving force. 
The sensitivity of the design dependent driving force is de-
rived as: 
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The predetermined acceleration is chosen as α = 1rad/s2 at 

the speed ω = 0 rad/s. The optimal result in area A and the 
whole cyclic-symmetric structure are shown in Fig.6(c) and 
Fig.6(f). Comparing with the first case of this example, we 
find that a part of material on the leaves distinctly move to 
the center to decrease the work done by the inertia forces. 

5 Conclusion 
Topology optimization with three types of design dependent 
body forces, gravitational force, centrifugal force and inertia 
force, are studied in this paper. Three examples have shown 
that body forces have strong influences on the final optimal 
design. We also found that the inequality volume constraint 
may not be active under the influence of design dependent 
body forces. It means more material may cause structure 
weaker when body forces are considered. It is different from 
the traditional mean compliance design in topology 
optimization where more material means stronger optimal 
structure and the inequality volume constraint is always 
active. 
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