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Abstract — In this paper, topology optimization problems witiiee types of body forces are considered: graeitat
force, centrifugal force and inertia force. All #eebody forces are design dependent as they vanythe redistribution of
materials during topology optimization processtHis study, a total mean compliance formulatiomsed to produce the
stiffest structure under both external and bodgéer Sensitivity analysis is carried out by theosdjmethod. Finally, de-
sign examples are presented and compared to sleosffécts of body forces on the optimized results.
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1 Introduction

Since Bendsge and Kikuchi [1] studied topology roj#a-
tion problem using the homogenization method in8196-
pology optimization has been applied to a varidtystouc-
tural design problems. Following the traditionapdtogy
optimization formulation, boundary conditions ofustture
design problems including supports and appliedit@achust

studied optimal distribution of material propertfes an elas-
tic continuum. Park et al. [14] studied the topglaptimiza-
tion of primary mirror of camera under self-weigBtuyneel
and Duysinx [15] compared the efficiency of differeneth-
ods used to solve the topology optimization proldemder
self-weight.

In this paper, topology optimization problems witiree
types of body forces are considered: gravitatidoade, cen-
trifugal force and inertia force. For structuralsig under

be givena priori, and they are kept invariant during the tgsoth external and body forces, a total mean comptigor-
pology optimization procedure. However, for mangqiical mylation is used to produce the stiffest structiittis paper
engineering problems, such as pressure loadingsbadyl s arranged as follows: topology problem formulatiith
forces, the boundary conditions is design depend#att hody force is described in the next section. Tisemsitivity
cannot be fully determined until the optimal sadatiis analysis of mean compliance is discussed. Fingdiyr de-

reached. The special characteristics of design nipee sign examples are presented and compared.
make the application of traditional topology optadion

approaches very d|ff|cu_lt._So_me attempts to solesigh 2 Problem formulation
dependent topology optimization has been reporfegol-
ogy optimization problems under incomplete suppgrtiln a traditional topology optimization formulatiomapplied
conditions were studied by Chickermane et al. [] 8hul loads remain invariant even when structural topgplog
[3]. Topology optimization with pressure loadingashbeen changes. However, when body forces are includethén
investigated by Hammer and Olhoff [4], Chen anduU€iki topology optimization formulation, the force termust be
[5], Fuchs and Shemesh [6], Zheng and Gea [7],Sigohud changing along with the changes of structural togpl As
and Clausen [8]. two schematic centrifugal force examples shown ig.1F
Another important class of design dependent loadipg body forcesF, are totally different between these two de-
plications is on structures with body forces, sashgravita- signs because of the mass distribution differergen they
tional force, centrifugal force and inertia fordéney are very are rotating around axisat the same speed Therefore, in
important to many mechanical or civil engineerimplica- 2 order to accurately formulate topology optimiaatiprob-
tions. However, researches on the optimal strustuvigh lems with body forces, the applied forces canndreated as
body forces are mostly on the structural profiled aublica- constant.
tions of topology optimization with body forces amry lim-
ited. Optimal design under self-weight was firsidied by
Rozvany [9] for plastic design. Karihaloo and Hefif]
presented the maximum strength/stiffness desigstratture
members in presence of self-weight by analyticathoe.
Chern and Prager [11] reported the optimal rotatigk in
terms of uniform strength for given radial displamnt of
edge. Huang and Fadel [12] applied shape optinoizagch-
nigues to the heterogeneous flywheel design. Tarbland
Washabaugh [13] took into account body force wHheesyt

. Schematic examples of centrifugal forces
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a gradient based method, sensitivity analysis edeé and
Body force is an external force acting throughtwat mass will be discussed in the next section.
of a structure. Three types of body forces are idensd in
this paper: gravitational forcE®, centrifugal forceF®, and 3 Sensitivity analysis
inertial forceF'. Considering the effectivg, of the porous

material is linearly proportional to its volume g X, as: Sensitivity analysis provides the search directiahsing
optimization process. In this paper, the adjointthrod is

utilized to derive the sensitivity of the objectifienctionTI.

pp - pro’ @) First, a new functiofil” is constructed as
where, is the density of the base material. Mn =Uu"KU + AT(KU -F). )
Then the gravitational force at a pomtan be represented

as. For a discrete model in finite element method, rédation

G of KU = F is always satisfied at static equilibrium conditio
Fo =mg=(0,V,)d = X0,V (2)  Hence, the value ofl’ is the same as original functidh
regardless the choice bf In here/ is referred as the adjoint
whereg is gravitational constant ang is the volume of the displacement field. o _
element. Similarly, the centrifugal force and if@rforce are By taking a first-order derivative on both sideskaf.(7),

defined as: the sensitivity of [T becomes:
Fy =X, 0V, r,, 3) on’ _ U+ )T K,
0, 0x
and aK 9F (8)
+ (2) +/] 5 a—U _/1T a—
|- g
Fo = ~X,00V,2, @) X X

whereaw is the angular velocity and rp denotes the rotation !N order to avoid the high computational costobf/ox
radius,a is the acceleration of this point. From above ¢hrthe arbitrary adjoint displacement vector is set as-2U. In

equations, we found all of these body forces aeefhctions this way, all terms which incIud@U/ax in Eq.(8) are

of design variable;,. This implies that body forces are design s . .
dependent loads. cancelled and the sensitivity Bf is reduced to the following

Topology optimization problem for the stiffest stture form:
can be formulated as to minimize the total meanpt@mnce o’ 3 3
with a material volume constraint as follows: M K F
—=-U"—uU+2u"—. 9)
ox 0% 0X

min 1
X
— Using a spherical micro-inclusion model in topology
s.t. V)= JQ xdvs V ()  optimization (Gea [16]), the effective Young's maaky E,,
can be written as
O<x< 1,

E,=f(X)E, 0<sx=<1 (10)

where x represents the distribution of volume density in

whole design domair¥ is a predetermined upper bound of . , . .
volume constraint. Finite Element Method is usualbgd to v_vhereEO is the Young’s modulus of base mat_enal. Since the
determine the relation between the forces and atisphent first tgrm.at the RHS of Eq.(9) can be obtainedlgasur
during topology optimization process. Hence thefest attention is focused on the second term.

; The applied force§ should include the external forée as
structure problem formulated by Eq.(5) is transfednto the .
following r?umerical expressiony a-(5) well as the body force&®, F© andF'. The external force is

normally considered as constant and its derivativith

. T respect to design variables is zero. For the diéves of

min n=u KU gravitational force and centrifugal force, we caaket
derivatives on both sides of Eq.(2) and (3) as:

N —_—
s.t. V[X)= <V (6)
0)=2. %Y < _opvs. )
O<x<1iJ[AN] ox - ox = PV 9 (11)

wherex; is the design variable dth finite element cellK is and
the global stiffness matriXj is the displacement vecta,is
the total number of the finite element cells, sspapt T
denotes the transpose operation. To solve the gmobising
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JEC apvwzr Although analytical solution is provided for this
=1 :poviwzri. (12)  optimization problem, most engineering problems
a& OX considering body forces are not as simple as thés their

analytical solutions always cannot be found. Helop®logy
Since the inertia force may come from linear agedien optimization method becomes very valuable to sdhie
or angular acceleration, we need to discuss therarately. type of problem.
If the inertia force is caused by linear accelerath, then its Lol
sensitivity is similar to that of gravitational amentrifugal
body forces as:

oF' dpva
—=-A1"=—pva 13

On the other hand, if the inertia force is causgdab
constant angular acceleration, the driving torqueT
becomes a design dependent variable due to itsorehaith

the moment of inertia as: l
Ft
T=la, (14) (a) Design domain (b) Not considering
gravitational force
where T is external torque and | is the momennheftia as: X

4/ /27777777

N
DRI AT (15)

i=1

wherer; represents the rotational radius of ttiedell. We
will use one example to illustrate this case inrb&t section.
Once the sensitivity analyses of body forces atainbd, we
can apply the Generalized Convex Approximation meéth
[17] to solve topology optimization problem congidg
body forces.

i

4 Numerical examples F,
(c) Analytical solution (d) Considering gravitatein
4.1 Example 1: Beam under self weight force
Fig.2. Optimization design for hanging structur@sidering
The first example is to find the stiffest design afbeam gravitational force

clamped at one end and under a given externaldreftirce,
as shown in Fig.2(a). A 30 by 60 finite element eldd built,
the upper bound of volume constraint is set to 0% bf
total volume. If the self-weight of the structutseif is not 4.2 Example 2: Supporting Bracket with Linear
considered, the topology optimization result is vehoas Inertia Force
Fig.2(b). The width of this beam keeps the samespixthe
part near the traction force. When the self-weight The second example is to show the effects fromatimgertia
considered, the final optimal result is shown ig.Ed). The force using a supporting bracket with linear irertorce.
width of the profile of the structure gradually demses from Two forces with the equal magnitude are applietivat top
the top to the bottom of the design domain as waslithe corners of the bracket and two bottom corners Hawedl
analytical solution shown in Fig.2(c) which is givéy supports as shown in Fig.3. To demonstrate thecteffem
Karihaloo and Hemp[10]. The half width of the shafe) at the inertia forces, the magnitude of external feraare
the position x describes the shape of the anabgiation, comparable to that of the total inertia forces. &l volume
and it is expressed as used to design is set to be less than 50% of votame. The
a(x) = design domain is discretized by 30 by 60 finiteredats.
_ _ (16) When the structure does not move, the optimal tresul
(T/y)In (1+V)V/T) eXF{ In (1+V)//T)>ﬂ shown in Fig.4(a), and all permitted volume of miateis
where used to generate the support structure. Howeveenvthe
1 _ structure moves with an upward acceleration a, nheavd
T=F/E, y=p,9/E, J an)dy=V. (17) inertia forces are applying on all mass pointshie tesign
0 domain. The optimal result is shown in Fig.4(b). rlo
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material are distributed to the areas near the twwed The resistances on the leaves are simplified as point
supports as because of the additional inertiakforc loadsF, applied at the corners. The entire design domsin i

The most interesting thing is the mass volume usedseparated into A,B,C,D four parts. Since a cycjicyetric
design the structure in Fig.4(b) is only 46% oftatolume, structure is designed, the four areas have the sampport
less than the upper bound of volume constraimhdans the and loading boundary conditions. We only need sigtethe
volume constraint is not active for this case. Teason is structure in area A, whose details are shown iS5k, then
there exists a compromise between two conflictregds: 1) the whole structure can be assembled. A 50 by Bidefi
By adding as more material as possible to enhahee dlements model is constructed in area A. The natési
support structure, the work done by the externatefawill limited to 30% of the total volume.

decreases; 2) The additional material will bringrenmertia im L
forces, then the total work done by the inertiacéomill s FL\( | Fo
increase. It is different from the traditional casewhich . R o Fa
more material means stronger optimal structure. o (

F F 'm bied

F. \

F

(a) Design domain for a (b) Design domain for one
four-leaf revolving fan leaf
Fig.5. Design domain for a four-leaf revolving fan

Fig.3. Design domain

(a) Optimized single leaf (b) Optimized single leaf
without rotation with @ = 50 rad/s

(@) (b)
Fig.4. Optimized structures with and without coesidg
body forces

4.3 Example 3: Four-leaf Fan (c) Optimized single leaf (d) Optimized fan without

ith o= = rotation
In this example, a cyclic-symmetric four-leaf ratgt fan with =1 rad/é, o = 0 rad/s

with the rotating axis perpendicular to the plariedesign
domain is studied. As we discussed in the sectibn ¢
sensitivity analysis, if the moments of externatcés are
balanced, the whole structure will be in equilibmistate and
have a constant rotation speed. On the other hiértie
moments are not balanced, the whole structure fall
moving with an angular acceleration. We will studgth
cases in this example.

A schematic of design domain is shown in Fig.5¢).
support is placed at the center of the design donzeid this
support limits all degree of freedom except rotatame in
the design domain plane. The rotation directionhef fan is
set as counterclockwise. The driving forégsare applied at
the eight black points around the center, as showiig.5(b).

(e) Optimized fan with (f) Optimized fan witha= 1
=50 rad/s rad/€, w = 0 rad/s
Fig.6. Optimized structures for single leaf and fan
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First, a traditional minimizing mean compliance idasis
performed, no body force is considered in thisicstaase.

The final result is shown in Fig.6(a) and a cydisnmetric 5.

four-leaf structure is assembled in Fig.6(d). Selcothe
centrifugal force is considered when the fan isting at the

speed of 50rad/s. The optimized leaf design is shaw 6.

Fig.6(b); and the cyclic-symmetric four-leaf fanaissembled
and shown in Fig.6(e). Comparing with the previdesign,
this optimal structure changes the curvatures gfeumnd
lower arches to balance the additional centrifdigade.

The third one is about the design considering iflaénce of
inertia force caused by constant angular acceteraths
shown in Fig.5(b), the design dependent drivingcdofF g,
must have the following relation as:

_Fl+la

F

) (18)
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Fig.6(f). Comparing with the first case of this exae, we
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5 Conclusion

Topology optimization with three types of desigrpeledent
body forces, gravitational force, centrifugal formed inertia
force, are studied in this paper. Three examplegs shown
that body forces have strong influences on the fapimal
design. We also found that the inequality volumast@int

material properties for an elastic continuum with
structure-dependent body fordaternational Journal of
Solids and Structure86, 4587-4608 (1999)

14.K. Park, S. Chang, S. Youn, Topology optimizatiénhe

primary mirror of a multispectral cameraStruct.

Multidisc. Optim.25(1), 46-53 (2003)

15.M. Bruyneel, P. Duysinx, Note on topology optimipat

of continuum structures including self-weigh$truct
Multidisc Optim29, 245-256 (2005)

16.H.C. Gea, Topology Optimization: A New Micro-

Structural Based Design Domain Meth@hmputers and
Structures61(5), 781-788 (1996)

may not be active under the influence of designeddpnt 17.H. Chickermane, H.C. Gea, Structural optimizatisig

body forces. It means more material may cause tsireic
weaker when body forces are considered. It is ffefrom
the traditional mean compliance design in
optimization where more material means strongeinait
structure and the inequality volume constraint iwvasgs
active.

References
1. M.P. Bendsge, N. Kikuchi, Generating optimal togis

in structural design using a homogenization method,
and

Computer methods in applied mechanics

engineering71, 197-224 (1988)

2. H. Chickermane, H.C. Gea, R.J. Yang, C.H. Chuang,
Optimal fastener pattern design considering bearing

loads,Struct. Optimi.17, 140-146 (1999)
3. T. Buhl, Simultaneous topology optimization of stiure
and supportsStruct. Multidisc. Optim23: 336-346 (2002)

topology

a new local approximation methodnt. J. Numer.
Methods Eng39(5), 829-846 (1996)



