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Abstract – The weak point for the standard power IGBT modules in terms of reliability is thermal fatigue
in solder joints due to the thermal stress induced by constitutive materials with diﬀerent coeﬃcients of
thermal expansion (CTE). So far, many researches are aimed at deﬁning accurate ﬁnite element simulation
with constitutive equations of materials behaviour and fatigue failure relation connecting the inelastic strain
and the number of cycles before failure. Even if these relations can be clearly identiﬁed, we can see that the
validation of the ﬁnite element model is diﬃcult due to the scatter of input data. In fact, the fatigue life
of solder joints strongly depends on geometric shape, solders behaviour (due to the process) and applied
load. The aim of this paper is to estimate the probability of failure of power module with the structural
reliability methods. Thus the geometric, materials and loading variables are considered as random variables
and the failure mode is modelled with the called limit state function. The two methods, response surface
method and neural network method, are used here to evaluate the reliability of the lead-free solder. The
sensitivities of the mean and the standard deviation for each random variable have been evaluated.
Key words: Reliability; FORM; response Surface; IGBT; Sn/Ag solder.

1 Introduction
Finite element modelling is more and more used to achieve
the reliability of electronics packages. The power of the
computer capacity increasing, it is now possible to integrate more accurate deﬁnitions in ﬁnite element model
such as materials characterization, reﬁned mesh and effects on the surrounding to evaluate this reliability [1].
This can also be said of power semiconductor modules
where their reliability becomes a main focus on current
research. Moreover, the use of lead-free solder, with an
accurate behaviour which still remains to investigate, becomes a crucial matter in environmental concerns. To improve the accuracy of modelization, the natural scatter
and uncertainties existing in the real power module such
as geometric dimensions or material properties, can be
integrated in fatigue analysis. According to a model of fatigue, the sensitivity analysis can determine the relevant
parameters that inﬂuence the failure [2–4]. To reﬁne this
sensitivity analysis, we have to integrate the data with a
complete probabilistic deﬁnition and no longer as values
deﬁned in a range.
The reliability of this module being conditioned by the
fatigue of the solder joints, the main factors inﬂuencing
the latter are the materials properties and the shape of
the solder [5,6]. One of the weak points for these modules
a
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in terms of reliability was the wire-bonding connection,
which is replaced here by a solution coming from the ﬂip
chip technology.
This paper presents the coupling between probabilistic
and mechanical models to achieve fatigue life prediction
for solders. First, we deﬁne and set up the probabilistic reliability methods and the mechanical-reliability coupling.
Then, we present the mechanical problem by characterizing the mechanical and thermal behaviour of these connections with the constitutive law of the solder alloy. This
behaviour is integrated as power law or hyperbolic sine
law to calculate the stress-strain solution. The predictive
fatigue life is estimated with the Coﬃn-Manson relation
which uses equivalent inelastic strain in solder during one
cycle. We analyse complete thermal and mechanical problems to achieve this reliability study, deﬁning, on the one
hand random variables as input of ﬁnite element model,
and on the other hand a characteristic failure function.

2 Probabilistic design method
The probabilistic structural approach consists in determining, with a mathematical model, the probability of
failure of a given system [7]. Indeed, when we build a traditional ﬁnite element model, all the model’s input data
are considered as ﬁxed values and don’t take into account
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with null mean and unity standard deviation) with
the transformation T. The limit state function is also
mapped in standardized space: G(X) → H(U );
– the most probable failure point P ∗ , i.e. the nearest
point to the origin belonging to the limit state in standardized space, is computed by the improved HasoferLind Rackwitz Fiessler (iHLRF) optimization algorithm [10, 11];
– an approximation of limit state function is built with
a hyper plane or a quadratic surface to the design
point P ∗ to compute the probability of failure with
the relation:
Pf = Φ(−β)

Fig. 1. Approximation methods FORM/SORM in standard
space.

the natural scatter of the parameters. The solution to consider the natural variability and uncertainties of the input
parameters on the model is to treat the input data as random variables deﬁned by a law and its associated parameters. All relevant uncertainties inﬂuencing the probability
of failure are then introduced in the vector X of basic
random variables. In addition, the failure of the system is
modelled by a functional relation G(X ), called limit state
function, and deﬁned to take a null or negative value in
the failure domain:
G(X ) ≤ 0, X ∈ failure domain.

(1)

The components xk , 1 ≤ k ≤ n of the vector X are one
realization of basic random variables. It’s thus possible to
deﬁne the probability of failure of the system as:

Pf =
fX (x)dx1 ...dxn
(2)
G(X)≤0

where fX (x) is the n-dimensional probability density of
basic random variable vector X . The problem to solve
this integral comes from the limit state function which is
not explicit because its evaluation is the result of ﬁnite
element call. Approximation method can be established
to compute the multi-dimensional integral of equation (2)
by substituting the limit state function for a linear or second order hyper plane called respectively First Order and
Second Order Reliability Method (FORM and SORM)
(Fig. 1).
The calculation scheme of approximation method is
as follow and the code to achieve this task was inspired
by Ferum [8]:
– to obtain a probability of failure independent from the
diﬀerent ways of writing the same limit state function, Hasofer-Lind [9] suggest to map xi → ui the basic random variables from physical space to independent standardized Gaussian space (Gaussian variable

(3)

where β is called the reliability index and Φ is the standard cumulative distribution function.
The problem of the design point algorithm in nonlinear ﬁnite element lies in the calculation of gradients.
If the ﬁnite element code is not able to give the associated input derivatives, the latter have to be evaluated
with the ﬁnite diﬀerence method. Indeed, the resolution of
non-linear mechanical problems with ﬁnite element solver
is achieved by integrating the non-linear materials laws.
The use of an integration scheme involves an integration
tolerance which deﬁnes the moment when the algorithm
stops its iterations. For an accurate calculation of a stress
increment, we deﬁne the error in the creep strain increment with:
˙cr |t+Δt −ε̄˙cr |t )Δt.
Δεcr
err = (ε̄

(4)

This integration scheme can lead to incorrect values of
gradient if the step of ﬁnite diﬀerence approximation is
not taken with judicious value [12]. The solution then
consists in ﬁnding an explicit function or method which
can approximate the ﬁnite element output: the response
surface method and neural network. A numeric design of
experiments (DOE) is made to construct this response
surface or to train the neural network. The neural network, which has the advantage not to take a speciﬁc shape
of the output function, can however have a long training.
In our study, we deﬁne both methods and compare these
in the following application.
2.1 Methodology
There are two ways to construct the DOE, each of these
comes with its own advantages and disadvantages. A full
factorial design can be constructed in physic space or in
standard space. Constructing the numerical design of experiments in physic space ensures that points are physically realistic and don’t have an impossible mechanical situation. However, the points of DOE aren’t always
equally spaced in standard space (an accurate solution
with iHLRF algorithm isn’t ensured in the whole domain). On the other hand, the DOE constructed in normal space ensures a good equalised ﬁtting in the entire
normal space (a good conditioning which certiﬁes the accurate solution) but it is possible that some points in
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normal space diverge with the Hasofer-Lind transformation. For our study, we’ll construct the DOE in standard
space.
2.1.1 Building the response surface
The response surface is constructed with random sampling of basic random variables following the uniform distribution deﬁned in [–3, 3] in standard space. These points
are then mapped in physical space and sent to the ﬁnite
element software.
The response surface method is very well adapted to
parallel computing: the diﬀerent output calculation of the
DOE with several input parameters can easily be parallelised on cluster. Each node of the cluster has a ﬁnite
element calculation to solve and to return the output to
the master. As opposed to traditional FORM method,
where one node computes the output solution and the
other nodes compute the gradient, with this method, all
nodes are used to compute the response surface. The output is stored in a library to build the response surface
function.
Finally, the surface method consists in approximating
the limit state function H with:
Hr = Hr (uk ) = η(uk , p) + εr ;
E(εr ) = 0; k = 1, .., n; r = 1, .., N

(5)

where Hr is the rth evaluation of the exact limit state
function at the uk point, η(uk , p) the response surface
with the p parameters at the uk point and εr the error
between the limit state function and the response surface.
For this study, we’re going to construct diﬀerent surface functions such as linear (polynomial) and non-linear
regression models.
In the case of linear regression problems, the response
surface for the rth sample can be written as follows:
 m
(r)
η (uk ) = p0 +
pj Ψj (uk )
(6)

The relevance of the prediction model can be evaluated with an analysis of variance. The multiple regression
2
correlation coeﬃcient R is a measure of the proportion
of variability explained by, or due to the regression (linear
relationship) in a sample of paired data:

(Hr (uk ) − η (r) )2 /(N − m − 1)
2
R = 1 − i
.
(r) )2 /(N − 1)
i (E [Hr (uk )] − η

Q2 = 1 − 
where:
r

2

p

(8)

=

N

2
r=1 r

r (E[Hr (uk )]

− η (r) )2

Hr (uk ) − η (r)
1 − Hii

and where H is the hat matrix deﬁned by:
H = Γ (Γ T Γ )−1 Γ T .
In the the case of non-linear regression problems, a linearization of the matrix of experiments is made around
the supposed vector of parameter θ:


∂η(u, p)
∂η(u, p)
Γ =
, ...,
.
∂p1
∂pn
This can correctly made with a prior knowledge of parameters p. The diﬀerent iterations for ﬁnding the design
point use then the previous parameters of the reponse
surface for assess the current matrix of experiments. The
ﬁsrt iteration use as for it the deﬁned the start θ vector.
We present here an optimization algorithm for establishing the design plan with continue and delimited input.
The method presented here consists to solve the optimization problem:
min (d(u(i) , u(j) ))


N
)
+λ0 Hmax − T r(H − I
m+1

(i)
+
λi umax − u 

L(u, λ) = −

which, when using pure matrix notation for all sample,
remains:
η = Γθ
(7)

θ̄ = min H − η

(10)

This coeﬃcient can lead error when the shape of response
surface is unknow. We introduce for that the predictive
quality of the regression can be evaluated by the Q2 index:

j=1

where η contains the diﬀerent responses η (r) (uk ), Γ represents the data matrix of DOE and θ the vector containing
the parameters p.
The ﬁtting method consists in ﬁnding θ̄, the vector of
unknown coeﬃcients p, by minimizing the sum of squares:
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u(i) ,u(j) ∀i,j

(11)

i

where:
– L(u, λ) represents the lagrangian with the λ multiplicators;
– − min (d(u(i) , u(j) )) represents the function which
u(i) ,u(j)

and is solved by:
θ̄ = (Γ T Γ )−1 Γ T η.

(9)

In the case of nonlinear regression problems, the data matrix cannot be built and the Levenberg-Marquardt algorithm is used to solve equation (8).

maximize the minimal distance between two points;
N
) represents the constrain to not
– Hmax − T r(H − I m+1
obtain inﬂuent point;
– umax − u(i)  represents the constrain on the norm of
the vector u(i) to prevent them from diverging beyond
the cercle with a radius umax .
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Fig. 2. The 3-D ﬁnite element model.

The algorithm starts to ﬁt the points with a number of
ﬁnite element call equal to the number of ﬁtted parameters. These points are optimized in the domain by solving
equation (11) with the COBYLA algorithm. At this point,
the degree of freedom of the model (N -m-1) is equal to
0. The approximation cannot be relevant, the algorithm
then optimizes and computes other points in the domain
until it obtains Q2 index higher than 0.9 to ensure a relevant model.

∗

(x ,p)
is the Jacobian matrix bewhere Ju∗ ,p (i, j) = ∂Ti∂p
j
tween the Hasofer-Lind transformation and the parameter p.
This sensitivity cannot be used directly for comparison, so the elasticity is deﬁned by the normalisation of
this sensitivity:

epi =

pi
∂β
αiγ with αiγ =
β
∂piγ

.

(14)

u∗

2.1.2 FORM analysis with explicit function
After having approximated the limit state function with
response surface or neural network, the FORM method
described above is used. To ﬁnd an accuracy design point,
the response surface method or neural network coupling
with the design point optimisation is repeated with, at
each step, a reduction of the DOE space. In fact, after
ﬁnding the design point with the explicit function, a real
ﬁnite element solution is computed at this point and, if
this point doesn’t respond to the convergence condition,
another DOE is made around this point. The previous
points stored in the library are used if their coordinates
belong to the new design of experiments space.
2.1.3 Sensitivities
The main results available with approximation methods is
then the probability of failure of the system (Eq. (3)) but
other interesting results are the sensitivities of this probability regarding the diﬀerent basic random variables [13].
In FORM formulation, the limit state function can be
written H(u) = au + β under normalized form. We can
then deﬁne the sensitivity of the reliability index with
respect to the standardized random variables as follows:


∂β ∂β
∂β
∇u H(u)
α = ∇u β =
,
, ...,
.
=
∂u1 ∂u2
∂u2
∇u H(u) u∗
(12)
We can study the sensitivity αpiγ of the reliability index β, and then the probability of failure, with respect
to the distribution parameters, such as mean or standard
deviation, of the γth random variables to identify those
which must have stricter quality control. The sensitivity
αpiγ is calculated with:
∇p β = −Ju∗ ,p α

(13)

3 FE modelling
3.1 Geometry model
The device studied is a new water cooled IGBT power
module. This module includes four IGBT chips and two
diodes brazed on a substrate with a two-side cooling. The
chip is cooled through a water blade on the top substrate
and by a heat sink on the lower substrate. The power
IGBT module FE model simulates one IGBT soldered on
Aln substrate and attached with the top substrate with
bump connection. A lead solder is used to solder the chip
with the substrate and the eutectic Sn/Ag alloy is used to
joint the two substrates via copper bumps cylinder-shape
(1.45 mm diameter and 2 mm long) and two solders. Figure 2 shows a quarter of the assembly with bump technology. The bump connection is soldered to the IGBT
with gold layer, and to the top substrate with 250 mm
nickel metallization. Only a quarter of the entire multilayer switch is used because of the symmetric boundary
condition and mesh optimization.
We deﬁne here the variability of the geometric dimensions. Only the shape of the solder is assumed to evolve
during the process. This study focuses on the geometric
dimension of the bump connection. The cross section of
the bump connection in Figure 3 highlights the diﬀerent geometric dimensions. Table 1 reports the characteristic geometric dimensions of the bump connection made
on 20 specimens according to the dimension reported in
Figure 3. Their mean value and standard deviation, calculated according to the geometric dimensions, follows
a log-normal distribution. Only the thickness e between
chip and copper insert seems to have a relevant inﬂuence
on the failure. This dimension is then included in probabilistic analysis.
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Fig. 3. Dimension characterising the solder bump.
Table 1. Geometric dimension results of cross section of
bump connection according to Figure 3.
Geometric dimension
solder thickness (e)
solder height (h)
α
β
solder pad size (L)

3.2

mean
12 mm
175 mm
32
48
1087 mm

Standard deviation
6 mm
16 mm
7
8
39 mm

Materials characterisation

Lead free alloy is used as bump solder in the present module. The elastic modulus is dependent on the temperature,
and can be modelled with the following equation:
E = E0 − E1 T (◦ C)

(15)

with E the temperature dependent Young modulus in
MPa, the Young modulus at 0 ◦ C, the decrease rate of
the Young modulus according to the temperature and T
the temperature in degree Celsius. For our solder, several nano-indentations are made in the solder to evaluate, which is taken as materials random variables in the
probabilistic study.
The material non-linearity is modelled with the constitutive law characterizing the steady state creep rate.
The power law can describe the mechanical behaviour of
alloy in low or medium stress:


−Q
n
εcr
˙ = A(Bσ) exp
(16)
kT
with εcr
˙ the equivalent creep strain rate, σ the applied
stress and T the temperature. Wiese identiﬁes the law’s
diﬀerent parameters for the eutectic Sn/Ag solder alloy in
ﬂip-chip conﬁguration [14]. When high stress is reached
the power law breaks down and can’t follow the creep
strain rate to increase more quickly with the applied
stress. A second law was developed to ﬁnd a closed form
of creep behaviour. The sine hyperbolic law can describe
the steady state creep for the low and high stress level:


−Q
n
ε̇cr = A (sinh (Bσ)) exp
.
(17)
RT
This sinh law, identiﬁed for Sn/Ag3.5 and
Sn95.5/Ag3.8/Cu0.7 by Banerji and Darveaux [15],
is presented with the diﬀerent parameters. For our
application and stress level, the best way should be to
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use the sine hyperbolic law but Wiese demonstrates the
strong dependence of the law’s parameters on the solder
conﬁguration during identiﬁcation. To compute a best
approach to the creep strain for ﬂip-chip conﬁguration,
the identiﬁed ﬂip-chip power law would be more suitable.
The multiplier coeﬃcient A and the power coeﬃcient n
are considered as random variables and are assumed to
have a variation coeﬃcient of 10%.
We consider the solder to have an isotropic linear
strain hardening. The plasticity’s parameters are incorporated in the study but are not considered as random
variables.

3.3 Thermal load
The faces of the heat sink wings are subjected to thermal
convection with a convective exchange coeﬃcient calculated at the beginning, starting from a ﬂuid software. The
power IGBT module is subjected to a power cycling history. The active power cycling consists in computing a
primary heat transfer analysis and the thermal temperature map output is sent to the mechanical analysis. The
power injected is distributed in the volume of the IGBT.
For this power cycling, temperature time history loading is only imposed to the element corresponding to the
IGBT. Figure 4 shows the output temperature of the heat
transfer analysis sent to the mechanical analysis to compute the diﬀerence of the output inelastic strain between
the end and the beginning of the limit cycle.

3.4 Life prediction
The models proposed to evaluate predictive fatigue life of
the solder joints can be divided in ﬁve major categories
based on stress, plastic and/or creep strain, energy and
damage accumulation [16]. For our study, we take the
inelastic strain based model which considers plastic and
creep phenomenon due to CTE mismatch. The following equation shows the Coﬃn-Manson [17, 18] fatigue life
model:
(18)
Nf = CΔεnin
where is the accumulated equivalent inelastic strain during one cycle. For Sn/Ag3.5, C = 23.78 and n =
−1.08 [19] and for Sn95.5/Ag3.8/Cu0.7, C = 0.38 and
n = −1.96 [20]. The evaluation of the number of cycles
before failure is investigated considering the whole volume
of the solder. To calculate the accumulated equivalent inelastic strain, we use the following averaged equation with
the volume weighted average (VWA) method:

Δεine Ve
(19)
Δεin = e
Vtot
where Vtot is the total volume of the elements’ set, Ve
is the volume of one element and Δεine the associated
inelastic strain. This method ensures that the solution
is less mesh dependent compared to using the maximum
value of inelastic strain in the whole solder.
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Fig. 4. Result temperature in chip and associated inelastic strain.

3.4.1 Random variable and limit state function
The limit state function, relating the thermo-mechanical
fatigue of the solder, is written considering that the
system falls into the failure ﬁeld if the number of cycle doesn’t reach a target value. The mechanical output
in terms of inelastic strain is transformed by using the
Coﬃn-Manson relation:
G(X) = CΔεnin − Nftarget

(20)

where CΔεnin and Nftarget are respectively the number of
cycles before failure computed by the ﬁnite element code
and the objective number of cycles that the system must
reach.

3.5 Results
The sensitivities study shows the evolution of the probability of failure and the importance of thermal solicitation. The main parameter inﬂuencing the failure remains
the ﬂux density imposed in the IGBT chip. The multiplier coeﬃcients A of the constitutive law slightly act on
the results of inelastic strain. The eﬀort for an accurate
identiﬁcation must be made on the power coeﬃcient n
because of the inﬂuence of its mean value: the recommendation of the previous authors about a micro structure
(varying with the temperature cooling and then the shape
of solder due to this capacity of cooling) must be taken
into account. Moreover, the sensitivity of this standard
deviation indicates that a variability in the process or a
variability on the quality of solder have a great impact in
terms of reliability. The Sn/Ag CTE mean value and its
standard deviation, which intervene in the failure, don’t
show a great dependence on the probability of failure.
The main design variability of this bump connection
technology is identiﬁed on the thickness e because this is
the only one of the geometric dimensions, identiﬁed with
the experiments, which shows great correlation with the
failure. It leads to a better deﬁnition of the shape and

Fig. 5. Evolution of the reliability index β for the target
number of cycles.

especially the problem of the location of the initial crack.
Figure 5 shows the evolution of the β reliability index and
Figure 6, the probability of failure of the module for different numbers of cycle and for the diﬀerent solders of the
module. It must keep in mind that the initial crack begins
under the bump but in terms of electric functionality, the
failure is not reached.
An investigation is now made to compare ﬁrst
mechanic formulations of the solder behaviour and
then, diﬀerent solders. The reliability is evaluated with
the sinus hyperbolic and power behaviour formulation
for Sn/Ag3.5 solder and with a sinus hyperbolic for
Sn95.5/Ag3.8/Cu0.7. The number of cycles to reach to
be in safe domain is taken here at Nftarget = 2000 cycles.
The response surface is used here. For the same limit state
function using the same coeﬃcient of the Coﬃn-Mason
relation, a diﬀerence is found according to the creep constitutive equation (Eqs. (16) and (17)). The main diﬀerence, highlighted by Figures 7 and 8, between the two
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Fig. 6. Evolution of the probability of failure for the target
number of cycles.
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Fig. 8. Elasticities of the random variable’s standard deviation for diﬀerent solder alloys.

cording to the random variables. The response surface can
model the behaviour of the inelastic strain if we can deﬁne the shape of the function. The advantage of neural
network to not know the shape of the model is to solve
this issue but it can be a problem because of the number
of ﬁnite element call. The reliability analysis was made by
taking as random variables the characteristics of the different materials. It shows the importance of the power law
coeﬃcient n but a variation of the loading action remains
the major parameter changing the reliability. The future
developments will have to include more sophisticated integration of load behaviour such as rainﬂow counting. We
must keep in mind that this method evaluates the failure
according to one failure mode: the fatigue of solders. The
results of this reliability investigation remain sensitive to
the constitutive law, its identiﬁcation and to the fatigue
failure relation.
Fig. 7. Elasticities of the random variable’s mean for diﬀerent
solder alloys.
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