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Ecole Mohammadia d’Ingénieurs, Département Mécanique - UFR: M.C.I.C.M., BP 765, Rabat-Agdal, Morocco
Institut National des Sciences Appliquées de Rouen, Laboratoire de Mécanique de Rouen, BP 08, avenue de l’Université,
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Abstract – Dynamic analysis of industrial structures may be costly from a numerical point of view. Thus,
the need and the importance of reducing the size of the problem become obvious. One of the main hypothesises in the use of component mode synthesis method is that the model is deterministic. That is to say
the parameters used in the model have deﬁned and ﬁxed values. Furthermore, carrying out the structure’s
response involving uncertain material, geometrical parameters, limit conditions, manufacturing tolerances
and/or loading conditions is essential in a global design process. Our main aim in the present work is to test
and validate a method which consists in condensing the system (i.e. to reduce the number of unknowns)
and carrying out the stochastic study with a noniterative method. This method makes it possible to solve
these problems without using the classical method whereby a direct modal calculation combined with the
Monte Carlo simulation is made. The classical method is by nature iterative and hence CPU intensive. A
propeller is taken as an example in order to validate the proposed methods. The results obtained agree
well with references results and show the eﬀectiveness of the proposed method.
Key words: Modal analysis; modal synthesis; stochastic parameters; Monte Carlo simulation; Muscolino
perturbation.

1 Introduction
The dynamic analysis of industrial mechanical systems is
often costly and sometimes diﬃcult due to the computer
resources limitations. Furthermore, these mechanical systems are often constructed from several parts, which for
organization reasons, are calculated and tested independently by diﬀerent teams. The sub-structuring methods
are often considered the only viable resolution strategy.
The use of these methods is then justiﬁed by the numerical beneﬁt and by taking organization constraints of such
big projects into account. One of the most used dynamic
sub-structuring strategies is based on a component mode
synthesis. A literature review of these methods is synthesised in [1]. One of the pioneer works on reduction model
of repetitive structures is presented in [2].
One of the main hypothesises in the study of mechanical systems is that the model is deterministic. That
means, the parameters used in the model are constant.
However the experimental work shows the limitations of
such an assumption. This is because there are always discrepancies between what calculation and measurement results. This is due mainly to the uncertainties in geometry, material properties, limit conditions and/or loading
conditions. The latter has a considerable impact on the
a

Corresponding author: obendaou@gmail.com

vibrating behaviour of mechanical systems. This is why
it is important to use numerical methods in order to take
these uncertainties into count. The earlier methods were
iterative [3], whereas most recent ones are noniterarative.
In [4–8] many noniterative approaches are used to study
mechanical systems with uncertain parameters.

2 Modal synthesis
We assume that a dynamical problem is divided into “N s”
sub-structures. In this paper, the exponents (and indices)
“s” will designate the number of sub-structures. Each
sub-structure occupies a volume noted Ω s . The interface


I ss = Ω s ∩ Ω s designates the junction between the sub
structure “s” and the sub-structure “s ”. I ss = ∅ if the
two domains are not in contact.
2.1 Equations for the sub-structures
It is assumed that each sub-structure is elastic, linear,
isotropic and without any initial stress or strain. In the
absence of voluminal source, the equation which models
their vibratory behaviors is given by:
∇σ s − ρs us = 0,
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s = 1, . . ., N s

(1)
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ρs , us and σ s are respectively the density, the displacement ﬁeld and the constraints tensor of the substructure s.
If we note Γus the borders of imposed displacement and
s
Γf the borders of imposed external force, the limit conditions associated with the substructure “s” are written:
us |Γ s = ūs ,
u

σ s n|Γ s = f¯s .

 
The term fIss represents physically the inter-facial
forces applied on the sub-structure “s” by the adjacent
sub-structure “s ”.
We assemble the “N s” substructures according to a
total vector containing the all degrees of freedom, organized according to the following form:

(2)

f

u = u1 u2 . . . uN s .

(7)



ss

In the sub-structure/sub-structure interfaces (I ), the
continuity of the displacements and the normal component of the constraints tensor must be assured. These
conditions are written:


 
us − us   = 0,
(3)
I ss




σ s n − σ s n  ss = 0.
(4)
I

We assume that us∗ is a virtual ﬁeld associated with the
substructure “s”. The equation (1) is integrated over the
domain Ω s . After integration by parts and then application of the conditions (2), (3) and (4),the variational

problem consists in ﬁnding us such that
ρs us∗ üs dV +

Ωs



εs∗ : σ s dV =



Ns
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s =N s

2.4 Calculation of local modes

s∗



s



σ n dS

s =1 ss
s =s I

∀us∗ /

(8)

where:

u

us∗ f¯s dS

Γfs

Ωs

[M] {ü} + [K] {u} = {f } + {fI }

M

2.2 Variational formulations



The assembly of the formulation (6) leads to the following
algebraic system:

s = 1, . . ., N s

(5)

where ε is the deformations tensor and n the outgoing
normal from Ω s .
2.3 Discretization by finite elements
The discretization of the structural variational problems (5) by ﬁnite elements and the application of the
Galerkin method lead to the following algebraic form:
Ns 



[Ms ]{üs } + [Ks ] {us } = {f s } +
fIss s = 1, . . . , N s.
s =1
s =s

(6)
The vector {us } contains all the unknown degrees of freedom associated with the structural displacements of the
sub-structure “s” (the known degrees of freedom on the
border Γus , are not included in this vector). [Ms ], [Ks ]
and {f s } are respectively the mass matrix of the substructure “s”, its stiﬀness matrix and the vector of the
external equivalent forces (including the inherent excitations of imposed displacements on the border Γus ).

The degrees of freedom vector of each sub-structure “s”
is partitioned into two groups: the internal degrees freedom (index i) and those at the junctions (index j). The
latter correspond to the degrees of freedom located on the
interface between the sub-structure “s” and the all other
adjacent sub-structures. Then, we write:
 s

Mii Msij
s
s
s
s
u  = ui | uj , [M ] =
,
Msji Msjj
 s

Kii Ksij
s
[K ] =
.
(11)
Ksji Ksjj
According to the Craig and Bampton method, the chosen
local modes correspond to the modes with ﬁxed interfaces

I ss . They verify the following eigenvalue problem:

 s
Kii − ω 2 Msii {ψ s } = {0} , s = 1, . . ., N s.
(12)
These orthogonal modes are enriched by static modes of
connection. The latter are deﬁned as being the static deformation of the considered sub-structure, when a unit
displacement is applied by turns to each of its junction
degrees of freedom, the others being forced to be 0.
The local modal base of a sub-structure “s” is therefore given by:
 s

ψ −Ks−1
Ksij
s
ii
[ϕ ] =
(13)
0 Isjj
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where [ψ s ] represents the matrix of the modes with ﬁxed
interfaces retained after truncation and which are disposed in columns. The strategy of choice of the retained
number of modes for each sub-structure consists in retaining all modes contained in the multiple band of the
useful frequency (F u), that is to say twice the useful band
([0 2F u]) [9].
The physical degrees of freedom of each substructure
can then be decomposed on their respective local modal
base:
{us } = [ϕs ] {αs } , s = 1, . . ., N s.
(14)
s

{α } is the vector of the generalized coordinates associated with the sub-structure “s”, containing:
– the coeﬃcients associated to the ﬁxed interfaces
modes;
– the junctions physical degrees of freedom.
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Then, we can show that these equations imply:
t

t

t

[S] [ϕ] {fI } = [S] {fI } = 0.

(21)

Thus, the ﬁnal system to be solves is written:
[Mq ] {q̈} + [Kq ] {q} = {fq }

(22)

with:
t

[Mq ] = [S] [Mα ] [S],
[Kq ] = [S]t [Kα ] [S],
t

[fq ] = [S] [fα ].

(23)

Compared with the system (8), this model is considerably
reduced since its size corresponds to the total number
of orthogonal local modes retained after truncation, to
which it is added the total number of junction degrees of
freedom.

2.5 Model reduction
The local decompositions (14) can be assembled, as follows:
{u} = [ϕ] {α}
(15)

3 Stochastic study

where:

The estimation of the natural frequency moments (average and variance) of a structure could be obtained by the
Monte Carlo simulation [3]. This is a very widely used
method despite its high CPU cost, and it is used as a
reference for others calculation methods. The natural frequency λ is seen as a random variable image of the basic
random variables {αp }(p=1,.......,P ) . The simulation is carried out by constructing a sample ((λ)1 , (λ)2 , . . . , (λ)n )
of the random variable λ and to treat this sample by the
usual statistics techniques. The “n” simulations are done
in an independent way according to the distribution law
of the random vector.
The average of λ is given by:

⎧ 1 ⎫
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⎢
..
..
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.
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⎪
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0
ϕ
α
⎡

⎤

(16)

Then, equation (8) becomes after projection:
t

[Mα ] {α̈} + [Kα ] {α} = {fα } + [ϕ] {fI }

(17)

where:
[Mα ] = [ϕ]t [M] [ϕ],

[Kα ] = [ϕ]t [K] [ϕ], [fα ] = [ϕ]t [f ].
(18)
Now, it is necessary to take the continuity conditions at
the structure/structure interfaces into account. Indeed,
the degrees of freedom of {α} are not linearly independent. The linear relations between these degrees of freedom result from the equality of displacements at the
structure/structure interfaces. They can be expressed by
a connectivity global matrix [S]:
{α} = [S] {q}

(19)

where {q} contains only the linearly independent degrees
of freedom. [S] characterizes the inter sub-structures connectivity. If we use the Craig and Bampton method, [S]
is Boolean and easy to express since the junction physical degrees of freedom belong explicitly to the generalized
unknown factors {α}.
According to the conditions (4), the compatibility
equations are as follows:
    
f ss + f s s = {0}.
(20)

3.1 Monte Carlo simulation

n

E [λ] =

1
(λ)i .
n i=1

(24)

The variance of λ is given by:
n

Var [λ] =

1 
[(λ)i − E (λ)]2 .
n − 1 i=1

(25)

The accuracy of the results does not depend on the number of variables considered.
3.2 Perturbation methods
The perturbation methods are very widely used in the
stochastic ﬁnite elements domain. They are based on a
development in Taylor series of the natural frequencies
(respectively the F.R.F. or the dynamical response) in relation to the basis random physical variables, mechanical
properties, geometrical characteristics or applied forces.
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The perturbation methods calculate the average and the
variance of the natural frequencies of a mechanical structure that has uncertain parameters. This method is used
in many areas in order to solve linear and non-linear problems, for either static or dynamic cases.
The Muscolino perturbation method [6] could be used
for a mechanical system where the random parameters
are independent. It is based on a development into a ﬁrstorder Taylor series.
For a structure with uncertain parameters, it is assumed that the mass matrix and the stiﬀness matrix are
functions of the random variables {αp }(p=1,.......,P ) . And
we note λi the ith natural frequency.
The vector of the average parameters is deﬁned by
{α}, and the quantity dα is deﬁned by
{dα} = {α} − {α} .
The following notation is used to simplify the writing:

∂ [A] 
0
p
[A] = [A]|{ᾱ} , [A] =
(26)
∂αp {α}
[A]0 and [A]p are deterministic. The repetition of the
indice “p” two times implies a summation.
For a Muscolino perturbation method, we have:
0

p

[K] = [K] + [K] {dαp } ;
0

p

[M] = [M] + [M] {dαp } ;

(27)

(28)

Fig. 1. Boat propeller.

3.3 Perturbation methods with modal synthesis
For a mechanical system whose dofs are reduced by the
modal synthesis method, it is assumed that the modal
bases are deterministic for the Muscolino perturbation
method. This assumption is justiﬁed, since the perturbation method is only applied to systems with weakly
varying parameters. Therefore:
0

t

t

0

[Mq ] = [S] [ϕ] [M] [ϕ] [S],
0

p

{f } = {f } + {f } {dαp } .

(29)

The eigenvalues-eigenvectors equation of “0” order are:


0

0

0

[K] − (λi ) [M]



0

{ψ i } = 0.

(30)

The eigenvalues-eigenvectors equation of “1” order gives
are:


0
p
0
p
0
t
{ψ i } [K] − (λi ) [M] {ψ i }
p


(λi ) =
.
(31)
t {ψ }0 [M]0 {ψ }0
i
i
The average is given by:
E [λi ] = (λi )0 .

(32)

The variance is given by:
2

Var [λi ] = ((λi )p ) Var (αp ) .

(33)

The Muscolino method has the advantage of requiring less
calculation than the one based on the development into a
second-order Taylor series.

[Mq ]p = [S]t [ϕ]t [M]p [ϕ] [S] ;

(34)

[Kq ]0 = [S]t [ϕ]t [K]0 [ϕ] [S],
p

t

t

p

[Kq ] = [S] [ϕ] [K] [ϕ] [S] .

(35)

4 Industrial application
In order to validate the suggested methods, we studied
the dynamic behavior of a boat propeller. The geometrical model of this propeller (Fig. 1) was designed using
“SOLIDWORKS” and “ANSYS”. The mesh as well as the
geometrical sub-structuring (Fig. 2) was carried out with
“ANSYS”. Whereas the processor part was carried out on
the one hand with “ANSYS” for deterministic calculation
without dofs reduction (the result of this calculation will
be regarded as a reference), and on the other hand with
codes elaborated with “MATLAB” (on the basis of the
mesh carried out with “ANSYS”) for deterministic and
stochastic analysis, with and without dofs reduction.
The mesh was made with tetrahedral elements. For
calculation with modal synthesis (dofs reduction) we divided the propeller into four sub-structures.

O. Bendaou et al.: Calculation time optimization for stochastic analysis of an industrial structure

139

Table 1. The six ﬁrst natural frequencies of the propeller (and the relative errors) (Hz).

mode
1
2
3
4
5
6
Dofs
number

Direct calculation
with ANSYS
with MATLAB
(reference)
100
100 (0.0%)
295
295 (0.0%)
346
346 (0.0%)
915
914 (0.1%)
1225
1224 (0.1%)
1519
1518 (0.1%)

Calculation with modal
synthesis
with MATLAB
100
295
346
914
1224
1518

2286

(0.0%)
(0.0%)
(0.0%)
(0.1%)
(0.1%)
(0.1%)
96

Table 2. Random variables and statistics parameters of the
propeller.
Distribution

Mean

Standard deviation

normal
normal

2.1
7860

0.021
78.60

E (Pa) × e11
ρ (Kg/m3 )

Fig. 2. Mesh and sub-structuring of the boat propeller.

4.1 Deterministic modal analysis
In Table 1, the modal analysis of the propeller is presented, and its six ﬁrst natural frequencies calculed with:
– “ANSYS” without dofs reduction (reference);
– “MATLAB” without dofs reduction;
– “MATLAB” with dofs reduction (modal synthesis).
are compared. The calculations are made by assuming
that the material parameters are ﬁxed:
E = 2.1e11 [Pa],

3

ρ = 7860 [Kg/m ] and ν = 0.3.

The time that calculation with “MATLAB” required:
– for direct calculation: 6 min 30 s;
– for calculation with modal synthesis: 62 ms.
This result clearly shows the substantial time CPU saving
made using the model reduction by modal synthesis.
4.2 Stochastic modal analysis
After the deterministic modal analysis, we investigate the
modal analysis in a case where the Young modulus and
the density of the propeller are random variables with
normal distribution and for which we know the averages
and the standard deviations (Tab. 2).
Computer codes were elaborate using “MATLAB” to
calculate the moments (averages and standard deviations)
of the ﬁrst 6 natural frequencies of the propeller, with 3
diﬀerent methods:

– method 1 (classical method): direct calculation with
Monte Carlo simulation (for 100 samples);
– method 2: direct calculation with Muscolino perturbation method;
– method 3 (proposed method): modal synthesis with
Muscolino perturbation method.
Let’s note that “method 1” is a classical method which
we will be taken as a reference.
The result of this study is presented in Table 3 (means)
and Table 4 (standard deviations).
The time required to obtain the 6 ﬁrst natural frequencies moments of the propeller using “MATLAB”:
– method 1: 17 h 36 min;
– method 2: 26 min 30 s;
– method 3: 234 ms.
The propeller example shows that the CPU time saving
is very important; when the dynamical study of a structure with random parameters is carried out by the modal
synthesis method allied to the Muscolino perturbation
method.

5 Conclusion
In order to be able to solve large dynamical problems
with reasonable computing time, we proposed to use the
modal reduction method combined with the Muscolino
Perturbation method. The obtained results in the case
of a propeller show the validity and the potentialities of
the proposed method. In the deterministic case, the results obtained well with the references results. Furthermore, results obtained using dofs reduction agree well
with the ones without dofs reduction. As further example, a propeller with random Young modulus and its density was considered. The obtained moments (averages and
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Table 3. The Means of the six ﬁrst natural frequencies of the propeller (and the relative errors) (Hz).
Means
mode
1
2
3
4
5
6

method 1
- classical method 100
295
346
914
1224
1519

method 2
100
295
346
914
1224
1518

(0.0%)
(0.0%)
(0.0%)
(0.0%)
(0.0%)
(0.1%)

method 3
- proposed method 100 (0.0%)
295 (0.0%)
346 (0.0%)
914 (0.0%)
1224 (0.0%)
1518 (0.1%)

Table 4. The Standard Deviations of the six ﬁrst natural frequencies of the propeller (and the relative errors) (Hz).
Standard deviations
mode
1
2
3
4
5
6

method 1
- classical method 12
35
41
109
146
181

method 2
12 (0.0%)
35 (0.0%)
41 (0.0%)
109 (0.0%)
145 (0.7%)
180 (0.5%)

standard deviations) of the propeller natural frequencies
calculated with Muscolino methode (with and without
modal reduction) were compared to the Monte Carlo simulation without dofs reduction (classical method). The
obtained results using the three methods do agree, with
a large computing time saving for the proposed method.
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